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Abstract. In this paper, we study the prototypical model of liquid–liquid phase separation,
the Cahn–Hilliard functional, in a highly irregular setting. Specifically, we analyze potentials
with low regularity vanishing on space-dependent wells. Under remarkably weak hypotheses,
we establish a robust compactness result. Strengthening the regularity of the wells and of
the growth of the potential close to the wells only slightly, we completely characterize the
asymptotic behavior of the associated family of functionals through a Γ-convergence analysis.
As a notable technical result, we prove the existence of geodesics for a degenerate metric and
establish a uniform bound on their Euclidean length.
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1. Introduction

The Cahn–Hilliard functional is the prototypical model for liquid-liquid phase separation. It
was initially proposed by van der Waals in [27], and later independently rediscovered by Cahn
and Hilliard in [5].

We start by describing the physical situation that we are dealing with. We consider a physical
system inside a container Ω ⊂ RN . We assume that the system is described by a phase (or order)
parameter u : Ω → RM . For instance, in the original derivation of the model, the system under
investigation was a mixture of two fluids. In such a case, the phase parameter represents the
density. We are interested in describing stable equilibrium configurations of the system. Using a
variational point of view, these correspond to local minimizers of the Gibbs free energy. Under
homogeneous conditions, and after a rescaling, this is given by a functional of the form

Fε(u) :=

ˆ
Ω

[
1

ε
W (u(x)) + ε|∇u(x)|2

]
dx.

1
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Here, W : RM → [0,∞) is the free energy density. Assuming for simplicity that the physical
system has two stable phases, modeled by a, b,∈ RM , we impose that the potential W vanishes
only at a and b. The second term of the functional penalizes sharp oscillations of the phase
variable. Finally, the parameter ε > 0 is related to the scale of the transition region between
bulk regions where the phase variable is close to the stable phases a and b, and it is usually very
small.

The mathematical study of the functional Fε was, and still is, a source of many deep and
interesting problems. In particular, here we focus on the study of its asymptotic behavior as
ε → 0. In the community of calculus of variations, such studies make use of Γ-convergence,
the notion of variational convergence introduced in [11], that allows to capture the asymptotic
behavior of minimizers of the family of functionals {Fε}ε>0, as well as the asymptotic of the
minimal energy. A similar analysis can be performed also in the case where a mass constraint
is imposed. Namely, given m ∈ RM , we consider the problem

min

{
Fε(u) : u ∈ H1(Ω;RM ),

ˆ
Ω
u(x) dx = m

}
. (1)

Here, we recall some contributions, without claiming to be exhaustive. We first focus on the case
where the phase variable is scalar-valued, namely when M = 1. Gurtin (see [18]) conjectured
that in the limit as ε→ 0, any family of minimizers of {Fε}ε>0 converge to a piecewise constant
function that partitions Ω into two regions separated by an interface with minimal surface area.
This conjecture was proved rigorously by Carr, Gurtin, and Slemrod for N = 1 (see [6]), and by
Modica (see [21]) and by Sternberg (see [26]) for N ≥ 2 (see also [22, 23]).

The case of vector-valued wells, namely M ≥ 1, was considered in [16] by Fonseca and Tartar.
What the author proved is a compactness result with respect to the strong L1(Ω;RM ) topology
for sequences of uniformly bounded energy, and that the Γ-limit of the sequence {Fε}ε is given
by

F0(u) := σPer({u = a}; Ω),
for functions u ∈ BV (Ω;RM ) taking values only in {a, b}, and +∞ else in L1(Ω;RM ). Here,
Per({u = a}; Ω) denotes the perimeter of the set {u = a} in Ω (see Section 3.1 for more details
on sets of finite perimeter), and the constant σ > 0 is given by

σ := inf

{ˆ 1

−1
2
√
W (γ(t))|γ′(t)| dt : γ ∈W 1,1([−1, 1];RM ), γ(−1) = a, γ(1) = b

}
. (2)

Such a quantity represents the minimal energy needed to transition from one well to the other.
An optimal profile, namely a solution to the above minimization problem, approximates the be-
havior of a solution to (1). Note that the minimization problem is a degenerate geodesic problem,
where the degeneracy comes from the fact that the weight

√
W vanishes at the endpoints of the

curves. In scalar case M = 1, the change of variables s = γ(t) gives that

σ =

ˆ b

a
2
√
W (s) ds, (3)

for all admissible curves.
Since it is of particular interest for the goal of this paper, we remark that in [16] the authors

assumed that the potential W behaves quadratically near the wells a and b.
There are several extensions and variants of the above mentioned results. For a more com-

prehensive overview of such literature, the reader can consult the introduction of the paper [9].

The study of non-homogeneous Cahn–Hilliard functionals initiated with the paper [3] by
Bouchittè, where the author studied the fully coupled case with two space-dependent scalar
wells. Namely, for u ∈ H1(Ω), Bouchittè considered the functional

Gε(u) :=
1

ε

ˆ
Ω
g(x, u(x), ε∇u(x)) dx,
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where g : Ω × R × RN → [0,∞) is a continuous function with g(x, u, 0) = 0 if and only if u ∈
{a(x), b(x)} for all x ∈ Ω, and p 7→ g(x, u, p) is a convex function achieving its strict minimum
at p = 0, where it is also assumed to be differentiable. The space-dependent wells a, b : Ω → R
are assumed to be Lipschitz continuous. The author identified the limiting functional in the
sense of Γ-convergence. Since we do not want to enter into the technicalities needed in order to
treat the general case, we consider here the special case

g(x, u, p) =W (x, u) + |p|2.
In such a special case, the limiting functional writes as

G0(u) :=

ˆ
Ju∩Ω

σ(x; a(x), b(x)) dHN−1(x),

for functions u ∈ BV (Ω) such that u(x) ∈ {a(x), b(x)} for a.e. x ∈ Ω, and +∞ else in L1(Ω).
Here, Ju denotes the jump set of the function u (see Section 3.1) for all x ∈ Ω, and p, q ∈ RM ,
we set

σ(x; p, q) :=

ˆ q

p
2
√
W (x, s) ds. (4)

Roughly speaking, the limiting energy density is space-dependent, and is given, at any fixed
point x ∈ Ω by the same degenerate geodesic problem (3) where the space variable is frozen.

Then, in [8] the first author together with Gravina considered the case of multiple vector-
valued wells for the uncoupled functional. Namely, the authors considered the functional

Hε(u) :=

ˆ
Ω

[
1

ε
W (x, u(x)) + ε|∇u(x)|2

]
dx,

for u ∈ H1(Ω;RM ), where W (x, u) = 0 if and only if u ∈ {z1(x), . . . , zk(x)} for all x ∈ Ω.
Being the first result in that direction for vector-valued wells, strong assumptions were needed.
Indeed, the wells z1, . . . , zk : Ω → RM were required to be Lipschitz continuous, and the potential
W : Ω × RM → [0,∞) to be Lipschitz continuous in the first variable, and of class C2 in the
second. Moreover, it was assumed that the potential was exactly quadratic near the wells. In
such a case, the authors proved a compactness result, and a Γ-convergence result with respect
to the strong L1(Ω;RM ) topology. In particular, it holds that the limiting functional is given by

H0(u) :=

ˆ
Ju∩Ω

σ(x; a(x), b(x)) dHN−1(x), (5)

where

σ(x; p, q) := inf

{ˆ 1

−1
2
√
W (x, γ(t))|γ′(t)| dt : γ ∈W 1,1([−1, 1];RM ), γ(−1) = p, γ(1) = q

}
.

(6)
Note that this is the same problem as in (2) where the space variable is frozen, similarly to
what happens with (4) and (3). The latter assumption has been weakened in the paper [7] by
the first author, Ganedi and Fonseca, by requiring the potential to be controlled from above
and from below by two quadratic functions near the wells. Moreover, the authors were able to
also consider the case where the wells and the potential are discontinuous on the boundary of a
polyhedral partition of the domain Ω.

We would like to remark that, in the case of scalar-valued wells, like in [3], there is no need
to assume any particular behavior of the potential near the wells. The technical reason is that
the optimal profile at a point x will be a suitable reparametrization of the interval [a(x), b(x)].
In particular, using the continuity of the wells, the length of all of these intervals is uniformly
bounded from above. On the other hand, in the vector-valued case, the optimal profile is a
curve solving the minimization problem in (2). In such a case, the behavior of the potential
W around the wells is essential to ensure that such a curve has an Euclidean length that is
uniformly bounded from above. This requirement is needed in order to prove the Γ-convergence
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result. This is the main difference from the technical point of view between the scalar and the
vector-valued case.

The goal of the paper is to prove that it is possible to significantly weaken the requirements
on the regularity of the potential and on its behavior close to the wells and still be able to obtain
compactness and the Γ-limit result.

In particular, we consider the functional

Fε(u) :=
ˆ
Ω

[
1

ε
W (x, u(x)) + ε|∇u(x)|2

]
dx,

where, for each x ∈ Ω, the function u 7→W (x, u) vanishes at {a(x), b(x)} for functions a, b : Ω →
RM . We prove that compactness holds under extremely weak assumptions (see (H1)-(H5)): we
consider a Carathéodory potential with mild bounds close to the wells and at least linear growth
at infinity, and bounded wells of bounded variation (see Theorem 2.16). We are able to obtain
such a result by exploiting the theory of Young measures, and by carefully using the chain rule
for functions of bounded variation.

The Γ-convergence result (see Theorem 2.17) requires strengthening these assumptions. In-
deed, we consider wells that are allowed to jump on a piecewise C2 partition of the domain
Ω, and that are of class H1 ∩ C0 inside each set of such a partition (see (H6)). The potential
is assumed to also satisfies a relative continuity condition (see (H7)) and a more quantitative
control close to the wells (see (H8)). This set of assumptions is extremely weak compared to the
one used in the literature.

Under these assumptions, we are able to prove that the limiting energy is given by (5),
where the limiting surface energy density is given by (6). The proof of the Γ-convergence result
requires to face non-trivial technical challenges. On the one hand, we need to prove a uniform
bound on the Euclidean length of geodesics of a class of degenerate metrics under very weak
assumptions on the metric (see Theorem 4.8). Moreover, we are able to prove that such a bound
on the Euclidean length of geodesics fails if our assumptions are not satisfied (see Example 4.10).
Finally, in the liminf inequality, we need to freeze the first variable of the potential. This is done
by introducing a suitable adjustment of the potential (see (7)), which allows us to work as if
the wells were not space-dependent, but only the potential is. Finally, the construction of the
optimal profile requires multiple careful estimates of energies related to changing the optimal
profile from point to point.

We also show that the strategies we implement are solid enough to also cover the case where
a mass constraint is imposed (see Theorem 2.20).

It is the goal of several forthcoming papers to investigate the case where the wells enjoy even
lower regularity assumptions.

2. Assumptions and main results

In this section we collect all the several assumptions we used in establishing the results of
the manuscript. We will comment each of them, highlighting the reason why we require it, the
comparison with similar assumptions in previous works in the literature, and the possibility to
weaken it.

Let Ω ⊂ RN , where N ≥ 1, be an open bounded set with Lipschitz boundary. Consider a
function W : Ω× RM → [0,∞), with M ≥ 1, satisfying the following assumptions:

(H1) W is a Carathéodory function;
(H2) There exist functions a, b ∈ BV (Ω;RM ) ∩ L∞(Ω;RM ) such that

W (x, u) = 0 if and only if u ∈ {a(x), b(x)},

for a.e. x ∈ Ω;



LOW REGULARITY POTENTIALS 5

(H3) There exists δ > 0 such that

|a(x)− b(x)| ≥ δ,

for a.e. x ∈ Ω;
(H4) There exist a continuous non-decreasing function f : [0,∞) → [0,∞) with f(t) = 0 if

and only if t = 0, and C1 > 0 such that
1

C1
f (min{|u− a(x)|, |u− b(x)|}) ≤W (x, u) ≤ C1f (min{|u− a(x)|, |u− b(x)|}) ,

for a.e. x ∈ Ω, and all u ∈ RM ;
(H5) There exists C2 > 0 such that

W (x, u) ≥ 1

C2
|u|,

for a.e. x ∈ Ω and all u ∈ RM with |u| ≥ C2.

We refer to the above assumptions as the structural assumptions on the potential W .

Remark 2.1. The continuity of the potentialW in the second variable is needed in order to make
the composition x 7→W (x, u(x)) measurable for functions u ∈ H1(Ω;RM ). It can be relaxed to
Borel measurable in the second variable. Nevertheless, note that for the Gamma-convergence
result (see Theorem 2.17) we will need the potential to be piecewise continuous.

Remark 2.2. We decided to work with only two wells just for simplicity of notation and in order
to focus on the main novel ideas of the manuscript. The extension to multiple wells requires a
careful definition of the adjustment (see (7)) and a strong approximation result. These extensions
will be treated in a forthcoming paper.

Remark 2.3. The assumption that the wells are in L∞(Ω;RM ) is required in order to have
(H5). Indeed, consider the case where a, b ∈ BV (Ω;RM )\L∞(Ω;RM ), and the potential is given
by

W (x, u) := min{|u− a(x)|2, |u− b(x)|2}.
Then, it is not possible to find C2 > 0 such that (H5) holds uniformly for a.e. x ∈ Ω.

Remark 2.4. Assumption (H3) on the separation of wells is used for technical convenience.
Indeed, by using techniques similar to those of [3] and [8], it is possible to extend our results,
mutatis mutandis, to the case where (H3) is dropped. Note that, in our case, we also consider
the case where the wells are allowed to jump. Therefore, a bit of care will be needed in order to
characterize the space where the limiting energy is finite.

Remark 2.5. Condition (H4) is a mild assumption that ensures non-degeneracy of the potential
W . The lower bound is essentially needed in order to ensure compactness (see Theorem 2.16).
The bounds are needed in order to ensure that geodesics of the optimal profile problem have
uniform Euclidean length (see Lemma 4.3). This result is essential in the construction of the
recovery sequence, but it is not used in the liminf inequality.

Remark 2.6. The linear growth at infinity, namely (H5), is a standard condition in the lit-
erature, and it is required to get compactness as well as a uniform L∞ bound on the optimal
profiles. It goes back to the work [16] by Fonseca and Tartar. In case a mass constraint is
imposed, Leoni showed in [19] that this growth at infinity can be relaxed to a non-degeneracy
of the potential at infinity.

The above set of assumptions will be the ones that we will need in order to establish the
compactness result (see Theorem 2.16). We now introduce what we will refer to as the regularity
assumptions on the wells and on the potential. These will be needed in establishing the Γ-
convergence result (see Theorem 2.17). First, we restrict our attention to a specific subclass of
wells and potentials, where their jumps as well as their regularity are controlled.
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Here, we use the terminology that the boundary of a set is piecewise C2 to mean that it is
contained in a finite union of C2 hypersurfaces.

(H6) There exists an open partition Ω1, . . . ,Ωk of Ω, where each ∂Ωi∩Ω is piecewise C2, such
that

W (x, u) =

k∑
i=1

Wi(x, u)1Ωi(x),

a(x) =
k∑
i=1

ai(x)1Ωi(x), b(x) =
k∑
i=1

bi(x)1Ωi(x),

where Wi ∈ C0(Ω× RM ) and ai, bi ∈W 1,2(Ω;RM ) ∩ C0(Ω;RM ).

Next, we introduce a relative continuity condition on the potential. We define the adjustment
T : Ω× RM → RM as

T (x,w) :=
a(x) + b(x)

2
+ (b(x)− a(x), v(x)) · w, (7)

where v(x) ∈ RM × RM−1 is such that
(i) For each x ∈ Ω, the matrix

1

|b(x)− a(x)|
(b(x)− a(x), v(x))

is orthonormal;
(ii) The map x 7→ v(x) has the same regularity of the wells a and b.

The raison d’être of the map T is the following: the adjusted potential

(x, u) 7→W (x, T (x, u))

is such that W (x, T (x, u)) = 0 if and only if u ∈ {±e1} for all x ∈ Ω. This follows directly from
the fact that T (x,−e1) = a(x) and T (x, e1) = b(x). Namely, the adjustment T allows us to
reduce to the case of fixed wells.

We are now in a position to state our next assumption.
(H7) There exists a non-decreasing modulus of continuity ω : [0,∞) → [0,∞) such that

|W (x, T (x, u))−W (y, T (y, u))| ≤ ω(|x− y|)W (x, T (x, u)),

for all x, y ∈ Ω and u ∈ RM .

Remark 2.7. In the rest of the paper, we will assume, for simplicity, that

a(x) = −b(x)
for a.e. x ∈ Ω. Note that, in this case, assumption (H3) writes as

|a(x)| ≥ δ

2
,

for a.e. x ∈ Ω. For the simplicity of notation, we will write the right-hand side as δ. Moreover,
denoting a⊥ = v/2 (cf. (7)) we will use the simplified adjustment

Ta(w) := T (x,w) = (a(x), a(x)⊥) · w,
for each w ∈ RM . Note that we can write

Ta(w) = |a(x)|Ra(x),
where, for each x ∈ Ω, the map Ra(x) : RM → RM is orthonormal. In this case, since ai ∈
W 1,2(Ω;RM ) ∩ C0(Ω;RM ), therefore bounded, and Ra is orthonormal, it follows that

∥∇Tai∥L2 ≤ C1∥∇ai∥L2 ≤ C2, ∥Tai∥∞ = ∥ai∥∞ ≤ C, ∥T−1
ai ∥∞ = ∥ai∥−1

∞ ≤ 1

δ
. (8)
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Remark 2.8. Condition (H7) has been used in similar investigations on models for phase
transition (see, for instance [15]). Its main role is to allow us to freeze the potential at a given
point, with an error proportional to the potential itself. We note that in our case we need to
compose the potential with the map T because we consider the case of moving wells. Otherwise,
the condition

|W (x, u)−W (y, u)| ≤ ω(|x− y|)W (x, u),

for all x, y ∈ Ω and u ∈ RM , would imply that the functions a and b are constant.

Despite its technical nature, we want to show that assumption (H7) is satisfied by several
classes of potentials of interest. Here, we present some of them.

Example 2.9. The first example that we consider is the prototypical case of the potential for
the Cahn-Hillard functional with moving wells. Let W : Ω× R → [0,∞) be defined as

W (x, u) := (u2 − a2(x))2,

where a ∈ C0([−1, 1]), with a(x) ≥ δ for all x ∈ [−1, 1]. Then, it holds that

T (x, u) = a(x)u.

Therefore, we have that
W (x, T (x, u)) = a4(x)(u2 − 1)2.

We now check that (H7) holds:

|W (x, T (x, u))−W (y, T (y, u))| = |a4(x)− a4(y)|(u2 − 1)

≤ ω̃(|x− y|)(u2 − 1)2

≤ ω̃(|x− y|)
δ4

min{a4(x), a4(y)}(u2 − 1)2

=
ω̃(|x− y|)

δ4
min{W (x, T (x, u)),W (y, T (y, u))},

where ω̃ : [0,∞) → [0,∞) is the modulus of continuity of the function x 7→ a4(x).

Next, we generalize the above to a similar class of potentials.

Example 2.10. Let q ∈ [1,∞). Define the potential W : Ω× RM → [0,∞) as

W (x, u) = min{|u− a(x)|q, |u+ a(x)|q},
where a ∈ C0(Ω;RM ) with |a(x)| ≥ δ, for all x ∈ Ω. Then, we have that

W (x, T (x, u)) = |a(x)|qmin{|u− e1|q, |u+ e1|q}.
Therefore, using similar computations as above, we have that

|W (x, T (x, u))−W (y, T (y, u))| ≤ 2q

δp
ω̃(|x− y|)min{W (x, T (x, u)),W (y, T (y, u))},

where ω̃ : [0,∞) → [0,∞) is the modulus of continuity of the function x 7→ |a|q(x).

Next, we show that assumption (H7) is verified even by potentials with very low regularity.

Example 2.11. Let V : RM → [0,∞) be a Borel function, and let a : Ω → RM be a Borel
function. Set b := −a. Define W : Ω× RM → [0,∞) as

W (x, u) := V (T (x, u)−1),

where for each x ∈ Ω, the map T (x, ·)−1 is the inverse of the map defined in (7). Then, W
satisfies assumption (H7), since

|W (x, T (x, u))−W (y, T (y, u))| = 0

for all x, y ∈ Ω and all u ∈ RM . Note that, in order for W to satisfy assumption (H1), we need
V to be continuous.
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Finally, we introduce a very mild condition on the function controlling the growth around the
wells. This will be needed in order to ensure that the geodesics of the limiting distance function
have uniformly bounded Euclidean length (see Theorem 4.8).

(H8) There exists C3 > 0 such that

f(2t) ≤ C3f(t),

for all t > 0, where f : [0,∞) → [0,∞) is the function given by (H4).

Remark 2.12. We would like to stress that this assumption is very mild. Indeed, in previous
works, stronger conditions were imposed in order to have a uniform bound on the Euclidean
length of certain geodesic problems. In [8] it was required that the potential behaves as a
quadratic function close to the wells, while in [7], that it is controlled by quadratic functions
from above and from below close to the wells.

In particular, note that our assumption also covers the case where the potential W is concave
near the wells, that was excluded by the assumptions in the literature. Indeed, for any α > 0,
the function f(t) := tα satisfies assumption (H8).

Finally, we introduce the family of functionals that we consider.

Definition 2.13. For ε > 0, we define the functional Fε : L1(Ω;RM ) → [0,+∞] as

Fε(u) :=
ˆ
Ω

[
1

ε
W (x, u(x)) + ε|∇u(x)|2

]
dx,

for u ∈ H1(Ω;RM ), and +∞ else in L1(Ω;RM ).

Definition 2.14. We define the space BV (Ω; {a, b}) as the space of functions u ∈ BV (Ω;RM )
such that u(x) ∈ {a(x), b(x)} for a.e. x ∈ Ω.

Definition 2.15. We denote the geodesic distance

dW (x; p, q) := inf

{ˆ 1

−1
2
√
W (x, γ(t))|γ′(t)| : γ ∈W 1,1([−1, 1];RM ), γ(−1) = p, γ(1) = q

}
,

for all x ∈ Ω and all p, q ∈ RM . Moreover, we set the functional F∞ : L1(Ω;RM ) → [0,+∞] as

F∞(u) :=

ˆ
Ju∩Ω

dW (x;u−(x), u+(x)) dHN−1(x),

for u ∈ BV (Ω; {a, b}), and +∞ else in L1(Ω;RM ). Here, Ju denotes the jump set of the function
u, u− and u+ the two traces of u (see Section 3.1 for more details).

We are now in position to state the first two main results of the manuscript. We start with
the compactness result, that holds under very mild assumptions on the potential and on the
wells.

Theorem 2.16. Assume (H1)-(H5) hold. Let {εn}n be an infinitesimal sequence. Let {un}n ⊂
H1(Ω;RM ) be such that

sup
n∈N

Fεn(un) < +∞.

Then, there exists a subsequence (not relabeled) such that un → u strongly in L1(Ω;RM ), for
some u ∈ BV (Ω; {a, b}).

We are now in position to state the Γ-convergence result.

Theorem 2.17. Assume (H1)-(H8) hold. Let {εn}n be an infinitesimal sequence. Then, the
sequence of functionals {Fεn}n Γ-converges to F∞ with respect to the L1(Ω;RM ) topology.
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In particular, the liminf and the limsup inequalities will be given by Theorem 6.1 and Theorem
7.1, respectively. We would like to remark here that we are able to prove the liminf inequality
under a weaker assumption on the regularity of the partition of Ω.

The construction of the recovery sequence we will provide in Theorem 7.1 can be easily
adapted to also cover the case where a mass constraint is imposed.

Definition 2.18. For ε > 0 and m ∈ RM , we define the functional Fm
ε : L1(Ω;RM ) → [0,+∞]

as

Fm
ε (u) :=


ˆ
Ω

[
1

ε
W (x, u(x)) + ε|∇u(x)|2

]
dx u ∈ H1(Ω;RM ),

ˆ
Ω
u dx = m,

+∞ otherwise.

Definition 2.19. For m ∈ RM , we define the functional Fm
∞ : L1(Ω;RM ) → [0,+∞] as

Fm
∞(u) :=


ˆ
Ju∩Ω

dW (x;u−(x), u+(x)) dHN−1(x) u ∈ BV (Ω; {a, b}),
ˆ
Ω
u dx = m,

+∞ otherwise.

In this case, our main results are stated as follows.

Theorem 2.20. Assume (H1)-(H8) hold, with the function f from (H5) satisfying f(t) ≤ |t|α
with α > 1 close to the wells. Let {εn}n be an infinitesimal sequence. Then, the following hold:

(1) If {un}n ⊂ H1(Ω;RM ) is such that

sup
n

Fm
εn(un) <∞,

then, up to a subsequence, we have that un → u in L1, with u ∈ BV (Ω; {a, b}).
(2) The sequence of functionals {Fm

εn}n Γ-converges to Fm
∞ with respect to the L1 topology.

The proof of the recovery sequence for the mass constrained functional requires a slight mod-
ification of the proof of Theorem 7.1, by using a similar strategy to that employed in the proof
of [9, Theorem 15] and will be discussed at the end of Section 7.

3. Preliminaries

In this section, we collect some definitions and tools used throughout this paper.

3.1. Functions of bounded variation and sets of finite perimeter. We recall some basic
definitions and facts about functions of bounded variation and sets of finite perimeter. We refer
to [1] for more details.

Definition 3.1 (Functions of bounded variation). Let u ∈ L1(Ω;RM ). We say that u has
bounded variation in Ω, denoted by u ∈ BV (Ω;RM ), if its distributional derivative Du is a
matrix-valued Radon measure on Ω. In particular, its variation in Ω, denoted by |Du|(Ω), is
equal to

|Du|(Ω) := sup

{
M∑
i=1

ˆ
Ω
ui divφi dx : φ ∈ C∞

c (Ω;RM×N ), ∥φ∥∞ ≤ 1

}
. (9)

This can also be denoted by V (u,Ω).

Definition 3.2 (Jump set). Let u ∈ L1(Ω;RM ). We define the jump set of u, denoted by Ju,
as the set of points where there exist finite one-sided Lebesgue limits. In particular, for each
x ∈ Ju there exists distinct vectors a, b ∈ RM and a normal ν ∈ SN−1 such that

lim
ρ→0+

1

ρN

ˆ
B+(x,ρ,ν)

|u(y)− a| dy = 0, lim
ρ→0+

1

ρN

ˆ
B−(x,ρ,ν)

|u(y)− b| dy = 0, (10)
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where B+(x, ρ, ν) and B−(x, ρ, ν) are defined as

B+(x, ρ, ν) = {y ∈ B(x, ρ) : (y − x) · ν ≥ 0}, B−(x, ρ, ν) = {y ∈ B(x, ρ) : (y − x) · ν ≤ 0}.
If x ∈ Ju, we denote (a, b, ν) as (u+(x), u−(x), νu(x)).

Theorem 3.3 (Decomposition of distributional derivative). The jump set Ju of a function
u ∈ BV (Ω;RM ) is countably HN−1-rectifiable. Moreover,

Du = ∇uLN + (u+ − u−)⊗ νuHN−1⌞Ju +Dcu, (11)

where Dcu denotes the Cantor part of the distributional derivative.

Theorem 3.4 (Chain rule in BV ). Let u ∈ BV (Ω;RM ), and let f : RM → Rk be a Lipschitz
continuous function. Then v := f ◦ u belongs to BV (Ω;Rk) and

Dv = ∇f(u)∇uLN + (f(u+)− f(u−))⊗ νuHN−1⌞Ju +∇f(ũ)Dcu,

where ũ is the precise representative of u, defined everywhere except on Ju.

Definition 3.5 (Variation along a direction). Let u ∈ L1(Ω;RM ) and ν ∈ SN−1. We define the
total variation of u along the direction ν as

Vν(u,Ω) = sup

{
M∑
i=1

ˆ
Ω
ui
∂φi
∂ν

dx : φ ∈ C∞
c (Ω;RM×N ), ∥φ∥∞ ≤ 1

}
.

Given now ν ∈ SN−1, we denote by πν the hyperplane orthogonal to ν, and by Ων the
projection of Ω onto πν . Now, for any y ∈ Ων , we define a slice of Ω as

Ωνy := {t ∈ R : y + tν ∈ Ω} .

Figure 1. Example of slicing.

Analogously, for u : Ω → RM , for any y ∈ Ων we define a slice of u as

uνy : Ω
ν
y → RM , uνy(t) := u(y + tν).

Theorem 3.6 (Characterization of BV by sections). Let u ∈ L1(Ω;RM ) and ν ∈ SN−1. Then

Vν(u,Ω) =

ˆ
Ων

V (uνy ,Ω
ν
y) dy. (12)

Moreover, u ∈ BV (Ω;RM ) if and only if there exist N linearly independent unit vectors ν1, .., νN
such that uνjy ∈ BV (Ω

νj
y ;RM ) for HN−1-a.e. y ∈ Ωνj , andˆ

Ωνj

V (u
νj
y ,Ω

νj
y ) dy <∞ ∀j = 1, . . . , N. (13)
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We focus now on the functions of bounded variations which are characteristic functions of
sets.

Definition 3.7 (Finite perimeter set). Let E ⊆ Ω. We say that E has finite perimeter in Ω
if its characteristic function 1E : Ω → {0, 1} has bounded variation on Ω. Equivalently, we can
say E has finite perimeter in Ω if

Per(E; Ω) := sup

{ˆ
E
divφ dx : φ ∈ C∞

c (Ω;RN ), ∥φ∥∞ ≤ 1

}
< +∞.

Definition 3.8 (Reduced boundary). Let E ⊆ Ω be a set of finite perimeter. We define its
reduced boundary ∂∗E as the subset of ∂E for which the limit

νE(x) := − lim
r→0+

D1E(B(x, r))

|D1E |(B(x, r))
,

exists and it is such that |νE(x)| = 1. The vector νE(x) is called measure theoretic exterior
normal to E.

Theorem 3.9 (De Giorgi’s structure theorem). Let E ⊆ Ω be a set of finite perimeter. Then
∂∗E is countably HN−1-rectifiable and

Per(E; Ω) = HN−1(∂∗E ∩ Ω). (14)

Moreover, for x0 ∈ ∂∗E and r > 0, by defining the blow-up set Er and the half-plane H as

Er :=
E − x0
r

, H := {x ∈ RN : x · νE(x) ≥ 0},

we get that

Er → H in L1
loc(Ω), lim

r→0+

HN−1(∂∗E ∩Q(x0, r))

rN−1
= 1.

We conclude this subsection by stating the coarea formula for (N − 1)-rectifiable sets in RN ,
suitably modified for our setting. We refer to [1, Theorem 2.93] for the general result.

Theorem 3.10 (Coarea). Let E ⊂ RN be a countably HN−1-rectifiable set. Let f : E → R be a
Lipschitz continuous function, and let g : E → [0,+∞] be a Borel function. Then

ˆ
E
g(x)|∇Ef(x)| dHN−1(x) =

ˆ
R

(ˆ
E∩{f=t}

g(y) dHN−2(y)

)
dt, (15)

where ∇Ef(x) represents the tangential gradient of f with respect to the approximate tangent
space TxE.

Finally, we recall that sets of finite perimeter can be approximated strongly thanks to a result
proved by de Gromard in [12].

Theorem 3.11. Let A ⊂ RM be an open set, and let E ⊂ A be a set of finite perimeter in A.
Then, for each ε > 0 there exist a set F ⊂ A of finite perimeter in A, and a compact set C ⊂ A
such that the following holds:

(i) ∂F ∩A is contained in a finite union of C1 hypersurfaces;
(ii) ∥1E − 1F ∥BV (A) < ε;
(iii) HN−1(∂F ∩A \ ∂∗E) < ε;
(iv) F ⊂ E +B(0, ε), and D \ F ⊂ (A \ E) +B(0, ε);
(v) C ⊂ A ∩ ∂∗E ∩ ∂F ;
(vi) νE(x) = νF (x) for all x ∈ C;
(vii) |D1E |(D \ C) < ε.
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3.2. Γ-convergence. This section provides a brief overview of the definition and fundamental
properties of Γ-convergence. Given the setting of this paper, we define Γ-convergence using
sequences. For a comprehensive treatment of Γ-convergence in general topological spaces, we
refer the reader to [10] (see also [4]).

Definition 3.12. Let (X, d) be a metric space. A sequence of functionals Fn : X → [−∞,+∞]
is said to Γ-converge to a functional F : X → [−∞,+∞] with respect to the metric d, denoted
by Fn

Γ−d−→ F , if the following two conditions are satisfied:
(i) (Liminf inequality) For every x ∈ X and for every sequence {xn}n ⊂ X converging to x,

the following inequality holds:

F (x) ≤ lim inf
n→∞

Fn(xn).

(ii) (Limsup inequality) For every x ∈ X, there exists a sequence {xn}n ⊂ X such that
xn → x and

lim sup
n→∞

Fn(xn) ≤ F (x).

The concept of Γ-convergence was specifically developed to provide a variational characteri-
zation of the asymptotic behavior of minimization problems. It ensures the convergence of both
global minimizers and minimum values (refer to [10, Corollary 7.20]).

Theorem 3.13. Let (X, d) be a metric space. Consider a sequence of functionals Fn : X →
R ∪ {∞} that Γ-converges to a functional F : X → R ∪ {∞}. Suppose that for each n ∈ N,
xn ∈ X is a minimizer of Fn. Then, any cluster point x ∈ X of the sequence {xn}n is a
minimizer of F , and satisfies

F (x) = lim sup
n→∞

Fn(xn).

Moreover, if the sequence {xn}n converges to x, the limsup above is a full limit.

3.3. Young measures. Young measures are an important tool in the theory of calculus of
variations. Here, we recap the definitions and the compactness property that we use. For a
more general introduction to Young measures, we refer to [25].

Definition 3.14. Let Ω ⊂ RN open. We call a family of probability measures {νx}x∈Ω ⊂ P(RM )
a Young measure if

• (x 7→ νx) is weakly∗ measurable,
• we have ˆ

Ω

ˆ
RM

|p| νx(p) dx <∞.

Here, we are interested in Young measures generated by L1 functions.

Definition 3.15. Let Ω ⊂ RN open. We say that a Young measure {νx}x∈Ω is generated
by a sequence of {un}n ⊂ L1(Ω;RM ) functions if {δu(x)}x∈Ω converges weakly∗ to {νx}x∈Ω in
L∞
w∗(Ω;Mb(RM )).

One of the features of Young measures are the compactness properties. More specifically, we
will use the following result (cf. [25, Lemma 4.3]:

Theorem 3.16. Let Ω ⊂ RN open. Let {un} be an bounded sequence in L1(Ω;RM ). Then,
there exists a Young measure ν such that un generates ν (after extracting a subsequence). Fur-
thermore, if {f(·, un(·))}n∈N ⊂ L1(Ω;R) is a bounded and equiintegrable sequence in L1(Ω;R)
for a Carathéodory function f : Ω× RM → R thenˆ

Ω
f(x, un(x)) dx→

ˆ
Ω

ˆ
RM

f(x, p) dνx(p) dx.
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4. Technical results

In this section we collect the technical results needed to prove the main result of the manu-
script. We decided to present them in here because they are also of a separate interest for the
reader.

4.1. Properties of the geodesic distance. In this subsection, we discuss properties of the
geodesic distance. More precisely, given a non-negative Borel function W0 : RM → [0,∞) we
associate to W0 a geodesic distance via

dW0(p, q) := inf

{ˆ 1

−1
W0(φ)|φ′| ds : φ ∈W 1,1

(
[−1, 1];RM

)}
,

for all p, q ∈ RM . The typical choice of W0 in the case of phase transitions is W0 = 2
√
W where

W is the double-well potential of the Cahn–Hilliard functional. If W0 is such that W0 ≥ δ > 0,
lower semi-continuous and coercive, then it is easy to see that the infimum is in fact a minimum
and that the corresponding geodesics have bounded path length. If we allow W0 to be 0 at
certain points this does not hold in general. Even if there exist geodesics, their path length
does not necessarily have to be bounded (see Example 4.10). The main result of this subsection
provides a general condition for this to hold true. The setting we assume throughout the section
is the existence of a continuous function f : [0,∞) → [0,∞) with f(0) = 0 and f > 0 on (0,∞)
such that certain growth conditions hold true. In what follows, a, b ∈ RM are always fixed single
pointed wells of our potential, i.e., we assume

{W0 = 0} = {a, b}.

We introduce a few different growth conditions:
(G1) Controlled upper growth: There exists a constant CG > 0 such that

W0(u) ≤ CGf(min{|u− a|, |u− b|}),

for all u ∈ RM .
(G2) Summable growth around the wells: There exist α, R, CG > 0 such that f fulfils

(a) f is non-decreasing in [0, R];
(b) f(2t) ≤ CGf(t) for all t ∈ [0,∞);
(c) for all u ∈ BR(a) ∪BR(b) it holds that

1

CG
f(min{|u− a|, |u− b|}) ≤W0(u) ≤ CGf(min{|u− a|, |u− b|}).

(G3) Non-summable growth at ∞: We haveˆ ∞

0
f(t) dt = ∞,

and there exists a constant CG > 0 such that
1

CG
f(|u|) ≤W0(u),

for all u ∈ RM .
(G4) Strong non-summable growth at ∞: There exist α,R > 0 such that

f(t) ≥ α

for t ≥ R, and there exists a constant CG > 0 such that
1

CG
f(|u|)− CG ≤W0(u),

for all u ∈ RM .
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To simplify the notation in the proofs, we assume

f(1) < 1/2, α = R = 1, |a− b| = 2.

We start the discussion with the following elementary lemma.

Lemma 4.1. Let p, q ∈ R2, with polar coordinates p = rpe
iψp , q = rqe

iψq with ψp, ψq ∈ [0, 2π)
and pq, rq ≥ 0. Consider r(s) := srq + (1− s)rp and ψ(s) := sψq + (1− s)ψp and set

γ(s) := r(s)eiψ(s).

Then, ˆ 1

0
|γ′| ds ≤ |rp − rq|+ 2πmax{rp, rq}.

Proof. Let us consider the situation graphically.

We directly compute: ˆ 1

0
|γ′| ds ≤

ˆ 1

0
|rp − rq|+ |r(s)(ψp − ψq)| ds.

From which we get the required bound. □

In [28] it has been proved that if W0 is continuous, then the minimization problem defining
dW0(p, q) admits a solution for all p, q ∈ RM . Since minimizers might not exist if W0 is only
Borel, we use the concept of ε-minimizers.

Definition 4.2. Let ε > 0. A curve φ ∈W 1,1([−1, 1];RM ) is called an ε-minimizer with respect
to the geodesic distance dW (φ(−1), φ(1)) ifˆ 1

−1
W0(φ)|φ′| ds ≤ dW0(φ(−1), φ(1)) + ε. (16)

Since the left-hand side is invariant under reparameterization we will also call any curve ψ ∈
W 1,1([c, d];RM ) an ε-minimizer if there exists a reparameterization to a curve φ ∈W 1,1([−1, 1];RM )
such that (16) holds.

Before stating the main result of this subsection, we want to recap some well-known properties
of the geodesic distance and its ε-minimizers. We give some proofs for convenience of the reader.

Lemma 4.3. Let W0 : RM → [0,∞) be a locally bounded Borel function, and let ε > 0. Suppose
that φ ∈W 1,1([−1, 1],RM ) is such thatˆ 1

−1
W0(φ)|φ′| ds ≤ dW0(φ(−1), φ(1)) + ε.

Then, ˆ t2

t1

W0(φ)|φ′| ds ≤ dW0(φ(t1), φ(t2)) + ε

for all t1 ≤ t2 ∈ [−1, 1].
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Proof. Suppose that there exist t1, t2 ∈ [−1, 1] with t1 ≤ t2 such thatˆ t2

t1

W0(φ)|φ′| ds > dW0(φ(t1), φ(t2)) + ε.

This directly impliesˆ 1

−1
W0(φ)|φ′| ds =

ˆ t1

−1
W0(φ)|φ′| ds+

ˆ t2

t1

W0(φ)|φ′| ds+
ˆ 1

t2

W0(φ)|φ′| ds

> dW0(φ(−1), φ(t1)) + ( dW0(φ(t1), φ(t2)) + ε) + dW0(φ(t2), φ(1))

≥ dW0(φ(−1), φ(1)) + ε.

This would contradict that φ was an ε-minimizer with respect to dW (φ(−1), φ(1)). □

The next lemma states that even if the function W0 is not continuous, the corresponding
geodesic distance is still Lipschitz continuous.

Lemma 4.4. Suppose that W0 : RM → [0,∞) is a locally bounded Borel function. Then, dW0

is locally Lipschitz.
Moreover, for any bounded convex set K ⊂ RM the Lipschitz constant LK is bounded by
∥W0∥L∞(K).
In particular, if (G1) holds there exists a constant C > 0 (only dependent on |a|, |b|, f and CG)
such that for any ball Br(0) we have

L
Br(0)

≤ C(1 + f(r)).

The proof can be found, for instance, in [13, Lemma 2.7]. It well-known that ε-minimizers
with respect to the geodesic distance are uniformly bounded if the potential is coercive. Here,
we show that, in fact, the weaker condition of a non-summable growth condition at ∞ suffices.

Lemma 4.5. Suppose that W0 : RM → [0,∞) is a locally bounded Borel function, and (G3)
holds. Moreover, let ε ∈ (0, 1) and r > 0. Then, there exists a constant K > 0 (only dependent
on |a|, |b|, r, f and CG) such that for any p, q ∈ Br(0) and any ε-minimizer φ with respect to
dW0(p, q) we have

∥φ∥L∞([−1,1];RM ) ≤ K.

Proof. By (G3) there exist a partition r ≤ t0 < ... < tn such that
n∑
k=1

min
t∈[ti−1,ti]

f(t)(ti − ti−1) > 2CG

(
max

p,q∈Br(0)
{ dW0(p, q)}+ 1

)
(17)

We argue by contradiction: Suppose that there exist p̃, q̃ ∈ Br(0) such that

∥φ∥L∞([−1,1];RN ) > tn

for an ε-minimizer φ of dW0(p̃, q̃). Then, there exist s0 < ... < sn such that f(si) = ti for
i = 0, .., n. In particular, we have

ˆ 1

−1
W0(φ)|φ′| ds ≥

n∑
k=1

ˆ si

si−1

W0(φ)|φ′| ds

≥ 1

CG

n∑
k=1

min
t∈[ti−1,ti]

f(t)(ti − ti−1)

≥ 2

(
max

p,q∈Br(0)
{ dW0(p̃, q̃)}+ 1

)
> dW0(p̃, q̃) + ε.

This contradicts φ being an ε-minimizer. □
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Remark 4.6. The constant in Lemma 4.4 can be made explicit in the following sense. Since f
is positive in (0,∞), the function

F (t) =

ˆ T

r
f(t) dt

is non-decreasing and admits a continuous, non-decreasing left inverse G : (0,∞) → (r,∞). In
particular, we have

F (K) = 3

(
max

p,q∈Br(0)
{ dW0(p̃, q̃)}+ 1

)
,

which we can express via the left inverse as

K = G

(
3

(
max

p,q∈Br(0)
{ dW0(p̃, q̃)}+ 1

))
. (18)

This has the following consequence: if (G1) and (G4) hold, repeating the proof of Lemma
4.5 with f̃ = χ[R,∞)α we obtain that the resulting K is then just an affine combination of R
(from (G4)) and f(r). Indeed, this can also be derived by choosing the partition t0 = R and
t1 = K := R+ C(1 + f(r)) in (17) for a suitable large constant C > 0. In particular, we have

K ≤ C(1 +R+ f(r))

where C is only dependent on |a|, |b|, CG and α.

Remark 4.7. A consequence of Remark 4.6 is the following. Let f, g ∈ C([0,∞), [0,∞)) with
f ≤ g both satisfying (G3), in the sense that they fulfill the non-summability condition at ∞.
Then, Lemma 4.5 now gives constants Kf and Kg. By (18), we can directly see that we can
choose the constants such that Kf ≤ Kg holds.

Next, we will observe that there exists a minimising sequence of curves φm for the geodesic
distance which has bounded path-length.

Theorem 4.8. Suppose that W0 fulfils (G1), (G2) and (G3). Let r > 0 and let p, q ∈ Br(0).
Then, there exists a sequence {φm}m ⊂W 1,1([−1, 1];RM ) with φ(−1) = p, φ(1) = q andˆ 1

−1
W0(φm)|φ′

m| ds ≤ dW0(p, q) + C
1

2m

such that ˆ 1

−1
|φ′
m| ds ≤ C(1 + f(|p|)|p|+ f(|q|)|q|), (19)

with a constant C > 0 only depending on |a|, |b|, r and CG. If, in addition, (G4) holds, then C
is only dependent on |a|, |b|, α, R and CG, but independent of r.

As a consequence, the infimization problem defining dW0(p, q) admits a solution if W0 is
lower-semicontinuous.

Proof. We divide the proof in steps.

Step 0: The setup. Let {φ̃m}m be a sequence such thatˆ 1

−1
W0(φ̃m)|φ̃′

m| ds ≤ dW0(p, q) +
dW0(a, b)

22m
,

for every m ∈ N. Define the following sets for k ∈ N and δ > 0:

T 1,k :=

{
u ∈ RM :

δ

2k+1
≤ |u− a| ≤ δ

2k

}
,

T 2,k :=

{
u ∈ RM :

δ

2k+1
≤ |u− b| ≤ δ

2k

}
.
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Figure 2. The substitution of φ̃m in Theorem 4.8.

For l = 1, 2 set

tl0 := inf (φ̃m)
−1

 ⋃
k≥m

T l,k

 and tl1 := sup (φ̃m)
−1

 ⋃
k≥m

T l,k

 .

Here we point out that these values need not be well-defined if φ̃m does not pass through the
corresponding regions. In what follows, without loss of generality, we assume that those values
are well-defined since the analysis in the other cases is carried out analogously. By the local
optimality of ε-minimizers for the geodesic distance (cf. Lemma 4.3), we know that for any
r, t ∈ [−1, 1] with φm(r) ∈ Bδ(a) and φm(t) ∈ Bδ(b)∣∣∣∣ˆ t

r
W0(φ̃m)|φ̃′

m| ds
∣∣∣∣ ≤ dW0(a, b) + ω(δ) +

dW (a, b)

22m

for some modulus of continuity ω. In particular, for small δ > 0, we get∣∣∣∣ˆ t

s
W0(φ̃m)|φ̃′

m| ds
∣∣∣∣ < 5

2
dW (a, b) < 3dW (a, b).

This implies
sup (φ̃m)

−1(Bδ(a)) < inf (φ̃m)
−1(Bδ(b))

or
sup (φ̃m)

−1(Bδ(b)) < inf (φ̃m)
−1(Bδ(a)).

We assume that we are in the first case. The idea of our strategy is the following. In this case,
we immediately infer t11 ≤ t20 for a fixed small δ > 0 (independent of m) (cf. [13, Lemma 2.8]).
Now, in what follows, we will substitute φ̃m with a straight path in

⋃
k≥m T l,k. This substitution

increases the path length and the length with respect to W0 only by a negligible amount. Then,
we estimate the path length of φ̃m in each T l,k separately by finding a suitable competitor for
the geodesic distance in this set. Lastly, we estimate the path length of the remaining curve.

Step 1: Substituting φ̃m around the wells. Consider the curve

φm :=


θ1,m in conv

(
(φ̃m)

−1(
⋃
k≥m T 1,k)

)
,

θ2,m in conv
(
(φ̃m)

−1(
⋃
k≥m T 2,k)

)
,

φ̃m otherwise,

where conv(A) denotes the convex hull of a set A ⊂ RM , and θ1,m, θ2,m are defined as follows.
Write φ̃m(t10) = P1 + a and φ̃m(t11) = P2 + a with P1, P2 ∈ RM . Now, define θ1,m as the straight
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line from P1 to P2

θ1,m(t) :=
t11 − t

t11 − t10
P1 +

t− t10
t11 − t10

P2 + a.

Analogously, we define θ2,m. Notice now that by (G2)
ˆ t11

t10

W0(θ1,m)|θ′1,m| ds ≤ Cf

(
δ

2m

)
|P1 − P2| ≤

C

2m
,

where we used |P1 − P2| ≤ (1/2)m−1 and f(1) < 1/2 in the last line. Similarly, we infer
ˆ t11

t10

W0(θ2,m)|θ′2,m| ds ≤
C

2m
.

In particular, this substitution only increases the length with respect to W0 by a small amount,
which means that for large m these are 1/2-minimizers of the geodesic distance. Applying
Lemma 4.5, we get a constant K > 0 such that

∥φm∥L∞ ≤ K. (20)

We now want to estimate the path length of φm in the interval [−1, t10]. Assume t10 > −1, other-
wise there is nothing to estimate. Now, we define inductively a decreasing sequence s0, s1, .., sm
the following way: Set

s0 := t10,

and, for k = 1, ..,m

sk := inf
m
(φ̃m)

−1(T 1,m−k) ∩ [−1, sk−1].

Notice that these values need not be well defined for all k. Indeed, we denote the last index
where it is well defined with k0. Notice that sk0 = −1 has to hold if k0 < m.

Step 2: Estimating the path length of φm|[sk+1,sk]. Notice first, that by construction
and by (G2)

W0(φ̃m)|[sk+1,sk] ≥ f

(
δ

2m−k

)
.

Now, we use the local optimality property of Lemma 4.3, i.e., we have for every k ∈ {0, .., k0−1}
ˆ sk

sk+1

W0(φ̃m)|φ̃′
m| ds ≤ dW0 (φ̃m(sk+1), φ̃m(sk)) +

C

22m
.

Consider the circular arc ζkm connecting φ̃m(sk+1) and φ̃m(sk). More precisely, write φ̃m(sk+1) =
P1+a and φ̃m(sk) = P2+a with corresponding P1, P2 ∈ RM . Then, let γ be the circular arc from
Lemma 4.1 connecting P1 and P2 in the plane spanned by {0, P1, P2} which we reparameterise
to the interval [sk+1, sk]. Now, set

ζkm := γ + a.

We have

f

(
δ

2m−k

)ˆ sk

sk+1

|(φ̃m)′| ds ≤
ˆ sk

sk+1

W0(φ̃m)|(φ̃m)′| ds

≤ dW0 (φ̃m(sk+1), φ̃m(sk)) +
1

22m

≤
ˆ sk

sk+1

W0(ζ
k
m)|(ζkm)′| ds+

1

22(m−k) .
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Now, observe that we can get the following estimate by using Lemma 4.1 and the doubling
condition on f : ˆ sk

sk+1

W0(ζ
k
m)|(ζkm)′| ds ≤ c2

ˆ sk

sk+1

f(|ζkm − a|)|(ζkm)′| ds

≤ Cf

(
δ

2m−k−1

)ˆ sk

sk+1

|(ζkm)′| ds

≤ Cf

(
δ

2m−k

)
1

2m−k .

Putting these inequalities together, we deriveˆ sk

sk+1

|(φ̃m)′| ds ≤
(

C

2m−k

)
.

Summing over k we infer ˆ s0

sk0

|(φ̃m)′| ds ≤ C. (21)

Step 3: Estimating the path length of φm|[−1,sk0 ]
. If k0 < m we are done since then

sk0 = −1 and we have nothing to estimate. In the other case, we observe that (20) implies
W0(φm|(−1,sm)) ≥ α̃ where

α̃ := min
BK(0)\(Bδ(a)∪Bδ(b))

W0(u)

and K > 0 is from (20). Note that if the stronger assumption (G4) holds, we can choose

α̃ = min

{
α, min

BR(0)\(Bδ(a)∪Bδ(b))
W0(u)

}
where α and R are given by (G4). Using this, we estimate with (G1):

α̃

ˆ sm

−1
|(φ̃m)′| ds ≤

ˆ sm

−1
W0(φ̃m)|(φ̃m)′| ds

≤ dW0 (φ̃m(−1), φ̃m(sm)) +
1

22m

≤

(
sup

u∈B1+|p|(a)
W0(u)

)
|p− φ̃m(sm)|+

1

22m

≤ C (f(1 + |p|)|p− a|) + 1

22m
(22)

Notice now that the doubling condition of f (from (G2)) implies f(1 + |p|) ≤ C(1 + f(|p|)) so
we can use (21) and (22) to obtain

ˆ t10

−1
|(φm)′| ds ≤ C(1 + f(|p|)|p|).

In an analogous way, one estimates the path lengths in the remaining intervals [t11, t20] and [t20, t
2
1]

to derive ˆ t20

t11

|(φm)′| ds ≤ C(1 + f(|q|)|q|+ f(|p|)|p|).

and ˆ 1

t20

|(φm)′| ds ≤ C(1 + f(|q|)|q|).

Step 4: Existence of a solution for dW0(p, q). This follows by a standard argument based
on the Ascoli-Arzelà Theorem. For instance, see [8, Lemma 3.1] and note that the continuity of
the potential can be weaken to lower semi-continuity. □
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Figure 3. The idea for the construction of potentials W in Example 4.10.
Heuristically, we create obstacles in the energy landscape such that geodesics
connecting points in C1 to points in C1/2 cannot pass through.

Remark 4.9. Note that we are able to prove the existence of a geodesics for dW0(p, q) even if the
potentialW0 is not continuous, but lower semi-continuous and satisfies certain growth conditions.
Our result is in the same spirit as that obtained by Zuniga and Sternberg in [28], where they
require the potential W0 to be continuous, but without assuming any growth condition near the
wells. In their case, though, they cannot ensure that geodesics have finite Euclidean length.
Indeed, as Example 4.10 shows, there exist potentials satisfying the assumptions of the main
result by Zuniga and Sternberg whose corresponding geodesics have infinite Euclidean length.

Example 4.10. We sketch a construction of a potential for which geodesics with respect to the
induced distance exist, but necessarily have unbounded Euclidean path length.
Let

1

2
< r4 < r3 <

3

4
< r2 < r1 < 1.

For δ < π/16 consider the annular sectors

A1 :=
{
x ∈ R2 : r2 < |x| < r1 − π

2
− δ < arg(x) < −π

2
+ δ
}
,

and

A2 :=
{
x ∈ R2 : r4 < |x| < r3,

π

2
− δ < arg(x) <

π

2
+ δ
}

where arg : R2 → [−π, π) denotes the polar angle. Let

Cr := {x ∈ R2 : |x| = r}

be the circle lines with radius r > 0, and

S1 = {0} × (−1,−3/4) and S2 = {0} × (1/2, 3/4).
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For M1 = 1 and M1/2 > ε1 > ε2 define

W̃ (p) :=



ε1 p ∈ C1 ∪ S1,
M1 p ∈ A1,

ε1 p ∈ C3/4,

M1 p ∈ A2,

ε2 p ∈ C1/2,

(1− t)ε2 + tε1 p =
(
0, t+1/2

2

)
∈ S2

and let W be the natural piecewise linear extension to B1/B1/2. If ε1 is chosen small enough,
any geodesic φ with respect to dW connecting two points p1 ∈ C1 and p2 ∈ C1/2 will not pass
through A1, A2. Indeed, suppose that φ(s) ∈ A1 ∪ A2 and φ(t) ∈ C3/4 for some s, t ∈ [−1, 1].
Then, ∣∣∣∣ˆ t

s
W0(φ)|φ′| ds

∣∣∣∣ ≥ C

ˆ M1

ε
r dr ≥ CM2

1 .

But taking an injective competitor φ̃ that is contained in C1 ∪ S1 ∪ C3/4 ∪ S2 ∪ C1/2 we derive

dW (p1, p2) ≤ Cε1

which yields a contradiction for ε1 chosen small enough since φ is a geodesic with respect to
dW (p1, p2). This has the implication that the geodesic does not pass through A1 and A2, and
we have that the path length of φ is bounded from below by 1.
To extent W to B1/n \B1/(n+1), we repeat this construction with suitable Mn > 0 and εn > 0
such that

Mn
n→∞−−−→ 0,

and that any geodesic ψ with respect to dW connecting two points in C1/n and C1/(n+1) fulfilsˆ 1

−1
|ψ′| dr ≥ C

n
. (23)

By extending W with M1 outside of the closed unit ball, we get a continuous potential defined
on RM . In particular, geodesics between two points exist (cf. [28]). Next, let φ be a geodesic
connecting p ∈ C1 with 0. Since φ([−1, 1]) ∩ C1/n ̸= ∅, we can take an increasing sequence
sn ∈ φ−1(C1/n). Now, we can compute a lower bound on the path length byˆ 1

−1
|φ′| dr ≥

∑
n∈N

ˆ sn+1

sn

|φ′| dr ≥
∑
n∈N

1

n
= +∞.

We have shown that any geodesic with respect to this constructed potential W always has
unbounded path length.

In our setting, we will encounter potentials that jump. For this reason, we introduce an
adapted version of a geodesic distance function.

Definition 4.11. Let W0,W1 : RM → [0,∞) be non-negative Borel functions. We define the
adapted geodesic distance by

dW (p, q) := inf
r∈RM

( dW0(p, r) + dW1(r, q)).

An analogous result as in Lemma 4.4 holds also for the adapted distance. More precisely, we
have the following statement.

Lemma 4.12. Suppose that W0,W1 : RM → [0,∞) are locally bounded Borel functions. Then,
dW is locally Lipschitz, and the local Lipschitz constants of dW are lower than or equal to the
Lipschitz constants of dW0 and dW1.

If (G3) holds then we also can prove an analogous result as in Lemma 4.5, whose proof works
in exactly the same way.



22 RICCARDO CRISTOFERI, JAKOB DEUTSCH, LUCA PIGNATELLI

Proposition 4.13. Suppose that W0,W1 : RM → [0,∞) are locally bounded Borel functions
that fulfill (G3), and let r > 0. Then, there exists K0 > r only depending on r, |a|, |b|, f and
CG (given in (G3)) such that

dW (p, q) = inf
s∈BK0

(0)
( dW0(p, s) + dW1(s, q)),

for all p, q ∈ BR(0).

The next corollary is a direct application of Proposition 4.13 and Lemma 4.5.

Corollary 4.14. Suppose that W0,W1 are locally bounded Borel functions fulfiling (G1), (G3),
and let r > 0. Then, there exists M0 =M0(r, a, b, f, CG) > 0 such that for all M > M0 we have
that

dW∧M (p, q) = dW (p, q),

for all p, q ∈ BR(0), where

dW∧M (p, q) := inf
r∈RN

( dW0∧M (p, r) + dW1∧M (r, q)).

Proof. We have
dW∧M (p, q) ≤ dW (p, q),

for all p, q ∈ BR(0). Now, let K0 > 0 be the constant given in Proposition 4.13 and K1 be the
constant of Lemma 4.5 with respect to the parameters K0, |a|, |b|, f and CG. Set

M0 := max
{
∥W0∥L∞(BK1

(0)), ∥W1∥L∞(BK1
(0))

}
.

Let M > M0. We observe first that Proposition 4.13 coupled with Remark 4.7 applied to
f̃ := f ∧M gives r0 ∈ BK0(0) such that

dW (p, q) = dW0∧M (p, r0) + dW1∧M (r0, q).

By Lemma 4.5 together with Remark 4.7 and applied to f̃ := f∧M , for any ε ∈ (0, 1) we can find
curves φ0, φ1 ∈W 1,1([−1, 1],RM ) which are ε-minimizers of dW0∧M (p, r0) (resp. dW1∧M (r0, q))
such that they are bounded in L∞ by K1. In particular, we infer

dW (p, q) ≤
ˆ 1

−1
W0(φ0)|φ′

0| ds+
ˆ 1

−1
W1(φ1)|φ′

1| ds

=

ˆ 1

−1
(W0 ∧M)(φ0)|φ′

0| ds+
ˆ 1

−1
(W1 ∧M)(φ1)|φ′

1| ds

= dW0(p, r0) + dW1(r0, q)

= dW∧M (p, q),

which concludes the proof. □

4.2. An approximation result for sets of finite perimeter. In this section, we present an
approximation result for sets of finite perimeter with piecewise C2 sets, both in configuration and
in energy. The peculiarity of such an approximation is that the energy is lower semi-continuous,
and jumps on a piecewise C2 surface. Therefore, the smooth approximating sequence needs
to preserve the parts of the original set on such boundaries, as much as possible. A similar
result was obtained in [7, Lemma 5.25] in the case the jumps of the energy where on sets with
polyhedral boundary. Here, we reproduce a similar proof by adding more details.

Proposition 4.15. Let Ω1 . . . ,Ωk be a partition of Ω, where each ∂Ωi is piecewise C2. Let
g : Ω → R be a bounded lower semi-continuous function such that its restriction to Ω \ ∪ki=1∂Ωi
is continuous. Let E ⊂ Ω be a set with finite perimeter in Ω. Then, there exists a sequence of
sets {Fn}n with piecewise C2 boundary such that

lim
n→∞

|E△Fn| = 0, lim
n→∞

∣∣∣∣ˆ
∂∗E

g(x) dHN−1(x)−
ˆ
∂∗Fn

g(x) dHN−1(x)

∣∣∣∣ = 0.
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Moreover, for each i ∈ {1, . . . , k}, it holds that ∂Fn ∩ ∂Ωi is relatively open in ∂Ωi.

Proof. Fix λ > 0. We show that there exists a set F ⊂ Ω with piecewise C2 boundary such that

|E△F | ≤ λ,

∣∣∣∣ˆ
∂∗E

g(x) dHN−1(x)−
ˆ
∂∗F

g(x) dHN−1(x)

∣∣∣∣ ≤ λ,

and such that for each i ∈ {1, . . . , k} it holds that ∂F ∩ ∂Ωi is relatively open in ∂Ωi.

Step 1: Piecewise C1 approximation. Fix µ > 0. We claim that there exists a set L ⊂ Ω
with boundary contained in a finite union of C1 hypersurfaces, such that

|E△L| ≤ µ,

∣∣∣∣ˆ
∂∗E

g(x) dHN−1(x)−
ˆ
∂∗L

g(x) dHN−1(x)

∣∣∣∣ ≤ µ.

Indeed, fixed ε > 0, let L ⊂ Ω be the set given by the strong approximation result sets of finite
perimeter by de Gromard (see Theorem 3.11). Then, it holds that

|E△L| ≤ ε.

Moreover, using the other properties of L that Theorem 3.11 ensured, we get that∣∣∣ˆ
∂∗E

g(x) dHN−1(x)−
ˆ
∂∗L

g(x) dHN−1(x)
∣∣∣

≤
ˆ
∂∗E\∂∗L

g(x) dHN−1(x) +

ˆ
∂∗L\∂∗E

g(x) dHN−1(x)

≤ C1

[
HN−1 (∂∗E \ ∂∗L) +HN−1 (Q ∩ ∂∗L \ ∂∗E)

]
≤ C1

[
|D1E |(Ω \ C) +HN−1 (∂∗L \ ∂∗E)

]
≤ 2C1ε,

where C ⊂ Ω is the set provided by Theorem 3.11 , and we used the fact that the function g is
bounded. Therefore, choosing ε > 0 small enough, we obtain the desired claim.

Step 2: Isolation of singularities. Fix µ > 0. We claim that there exists a set S ⊂ Ω such
that

(i) S is piecewise C2;
(ii) ∂L \ S is a pairwise disjoint union of finitely many C1 surfaces compactly contained in

Ω;
(iii) ∂S is orthogonal to ∂L, in the sense that ν∂S(x) · ν∂L(x) = 0 for all x ∈ ∂L ∩ ∂S;
(iv) HN−1(∂L ∩ S) ≤ µ.

Indeed, let Σ denote the singular set of ∂L union the set ∂L ∩ ∂Ω. Then, Σ is compact, being
the intersection of finitely many compact C1-surfaces. Thus, for any given r > 0, it is possible
to cover Σ with the finite union of balls of radius r. We denote such a finite union by S. Then,
requirements (i) and (ii) above hold directly, while (iv) is in force provided r > 0 is chosen small
enough. Finally, a local modification of ∂S ensures that also the requirement in (iii) is satisfied.

Step 3: Approximation of the contact set. Fix µ > 0. We claim that there exists a set
C ⊂ L \ S with the following properties:

(1) C is piecewise C2;
(2) It holds that

HN−1

([
∂L ∩

k⋃
i=1

∂Ωi

]
△ [∂L ∩ C]

)
≤ µ;

(3) C ∩ ∂Ωi is relatively open in each ∂Ωi.
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In order to prove our claim, we reason as follows. Fix i ∈ {1, . . . , k}. We first notice that the
sets

C+
i := {x ∈ ∂L ∩ ∂Ωi \ S : νL(x) = ν∂Ωi

(x)}, C−
i := {x ∈ ∂L ∩ ∂Ωi \ S : νL(x) = −ν∂Ωi

(x)}
are compact, because ∂L and ∂Ωi are, and νL and ν∂Ωi

are continuous outside of S. Let

d := min
i=1,...,k

dist(C+
i , C

−
i ).

Note that d > 0. Using this fact, together with the outer regularity of the Radon measure
HN−1 ¬

∂Ωi, it is possible to find disjoint sets Pi, Ni ⊂ ∂Ωi relatively open in ∂Ωi such that

HN−1(C+
i △Pi) +HN−1(C−

i △Ni) < µ. (24)

Without loss of generality, using an approximation argument, we can also ensure that ∂Pi and
∂Ni are sets with C1 boundary with

HN−2(∂Pi) <∞, HN−2(∂Ni) <∞. (25)

We define

C :=
k⋃
i=1

Pi ∪Ni.

By its very definition and by using (24), we see that the set C satisfies the required properties.

Step 4: The approximating set. Fix µ > 0. First of all, we note that a standard result
for the trace of functions of bounded variation (see [17, Theorem 2.11]) yields the existence of
infinitesimal sequences {sin}n and {tin}n with the following properties:∣∣∣ lim

n→∞
HN−1

(
{x− sinνL(x) : x ∈ Pi} ∩ L

)
−HN−1(Pi)

∣∣∣ ≤ µ, (26)∣∣∣ lim
n→∞

HN−1
(
{x+ sinνL(x) : x ∈ Ni} ∩ L

)
−HN−1(Ni)

∣∣∣ ≤ µ. (27)

Using the fact that, for each i = 1, . . . , k, the sets ∂Ωi \ S is made of finitely many closed
surfaces of class C2, it is possible to find τ > 0 such that their τ -normal tubular neighborhoods
are pairwise disjoint and compactly contained in Ω. Without loss of generality, we can assume
that

sin, t
i
n < τ, (28)

for all i = 1, . . . , k, and all n ∈ N. We fix an index n ∈ N that will be chosen later. Let δ > 0
be such that

δ ≤ 1

3
min

{
d,min{sin, tin : i = 1, . . . , k}

}
.

Let Lδ be a smooth approximation of L such that its Hausdorff distance from L is less than δ.
Without loss of generality, we can also assume that

HN−1

(
∂Lδ ∩

k⋃
i=1

∂Ωi

)
= 0.

Define the set

F := Lδ ∩ Ω ∪
k⋃
i=1

Pi(s
i
n) ∪

k⋃
i=1

Ni(t
i
n) ∪ S,

where, for each i ∈ {1, . . . , k}, we set

Pi(s
i
n) :=

{
x− sνL(x) : x ∈ Pi, s ∈ [0, sin]

}
, Ni(t

i
n) :=

{
x+ sνL(x) : x ∈ Ni, s ∈ [0, tin]

}
Note that, by construction, the set F is piecewise of class C2. Moreover, it holds that

HN−1 ((∂F ∩ ∂Ωi)△(Pi ∪Ni)) = 0. (29)

for all i = 1, . . . , k.
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Step 5: Estimates. First of all, we notice that, by taking τ and δ sufficiently small, we can
ensure that

|E△F | ≤ µ.

In order to prove the energy estimate, we reason as follows. We write

∂∗F = Fr ∪ Fs ∪ Fa,

as a pairwise disjoint union, where
Bs := ∂∗F ∩ S,

Br := ∂∗F ∩R, R :=
k⋃
i=1

Pi(s
i
n) ∪

k⋃
i=1

Ni(t
i
n) \ S,

and
Bo := ∂∗F \ (La ∪ Ls).

First of all, using the continuity of the function g in Ω \ ∪ki=1Ωi, we get that∣∣∣∣∣
ˆ
Bo

g(x) dHN−1(x)−
ˆ
∂L\(S∪R)

g(x) dHN−1(x)

∣∣∣∣∣ ≤ λ

3
,

provided δ > 0 is chosen small enough. Now, using (iv) of Step 2 together with the boundness
of the function g and (29), we get that∣∣∣∣ˆ

Bs

g(x) dHN−1(x)−
ˆ
∂L∩S

g(x) dHN−1(x)

∣∣∣∣ ≤ λ

3
,

since it is possible to choose δ > 0 small enough so that

HN−1(∂∗F ∩ S) ≤ µ.

Finally, we see that∣∣∣ˆ
Br

g(x) dHN−1(x)−
ˆ
∂L∩R

g(x) dHN−1(x)
∣∣∣ ≤ k∑

i=1

∣∣∣∣∣
ˆ
(Br∩∂Ωi)△(∂L∩∂Ωi)

g(x) dHN−1(x)

∣∣∣∣∣
+ C

k∑
i=1

(
sinHN−2(∂Pi)

)
+ C

k∑
i=1

(
tinHN−2(∂Ni)

)
+ CHN−1(∂∗E ∩R) + CHN−1(Br ∩R), (30)

where we used the boundness of the function g. Now, using (24), (26), and (27), we can choose
µ > 0 small enough so that

k∑
i=1

∣∣∣∣∣
ˆ
(Br∩∂Ωi)△(∂L∩∂Ωi)

g(x) dHN−1(x)

∣∣∣∣∣ ≤ λ

18
.

Moreover, noting that once µ > 0 is chosen, then the sets Pi and Ni are also chose, using (25)
and (28), it is possible to choose τ > 0 small enough so that

C

k∑
i=1

(
sinHN−2(∂Pi)

)
+ C

k∑
i=1

(
tinHN−2(∂Ni)

)
≤ λ

18
.

Finally, we note that thanks to (26), and (27), we have that, up to choosing τ > 0 small enough,
we can ensure that

CHN−1(∂∗E ∩R) + CHN−1(Br ∩R) ≤
λ

18
.

This proves the desired estimate and concludes the proof. □
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5. Compactness

This section is devoted to investigate the compactness of sequences with uniformly bounded
energy.

Proof of Theorem 2.16. The main idea of this proof is to apply a transformation to the wells
such that they become fixed, then obtain the result for this case, and then apply the inverse
transformation. Recalling Remark 2.7, we have that b(x) = −a(x), and we choose a(x)⊥ ∈
RM×(M−1) such that

Ra(x) :=
1

|a(x)|
(a(x), a(x)⊥).

is a frame and in BV (Ω;RM×M ). Note that this is always well-defined thanks to assumption
(H3).
Next, we recall the definition of the adjustment Ta(x),

Ta(x) := |a(x)|Ra.
Note that, since a ∈ BV (Ω;RM ) ∩ L∞(Ω;RM ) and x 7→ |a(x)| is bounded away from zero, it
holds that

|∇Ta| ≤ C|∇a|, |∇T−1
a | ≤ C|∇a|. (31)

We start with showing that un is uniformly bounded in L1 and equiintegrable. Indeed, using
(H6), we choose a constant C1 > C2 such thatˆ

|un|>C1

|un| dx ≤ C2

ˆ
Ω
W (x, un) dx ≤ C2Cεn,

which implies equiintegrability. Using again (H6) we also haveˆ
Ω
|un| dx =

ˆ
|un|≤C1

|un| dx+

ˆ
|un|>C1

|un| dx

≤ C1|Ω|+ C2

ˆ
Ω
W (x, un) dx

≤ C1|Ω|+ C2Cεn,

which implies uniform boundness.
Since a ∈ L∞(Ω;RM ), we deduce Ta, T−1

a ∈ L∞(Ω;RM ). This, in particular, implies that

vn := T−1
a un,

is uniformly bounded in L1 and equiintegrable, since un is uniformly bounded in L1 and equi-
integrable. It therefore generates a suitable Young measure νx (cf. Theorem 3.16), and vn ⇀ v0
in L1(Ω;RM ).

We now notice that

CW (x, un) ≥ Cf(|a(x)|min{|vn − e1|, |vn + e1|}) ≥ f(δmin{|vn − e1|, |vn + e1|}) =: W̃ (vn).

Since W̃ is continuous, we infer
spt νx ⊂ {±e1},

which implies
νx = θ(x)δe1 + (1− θ(x))δ−e1 ,

for a measurable function θ : Ω → [0, 1].
Now, we consider the geodesic distance function

dW̃ (p, q) := inf

{ˆ 1

−1
2min

{√
W̃ (φ),K

}
|φ′| ds : φ ∈W 1,1([−1, 1],RM ), φ(−1) = p, φ(1) = q

}
.

for a suitably large constant K > 0. Thanks to Lemma 4.4, this distance is globally Lipschitz
continuous and its Lipschitz constant is bounded by

|∇ dW̃ | ≤ C(1 + 2K).
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We define, for L > 0, the component-wise truncation map TL : RM → RM , and set

wn(x) := TLvn(x).

Note that
|Dwn| ≤ |Dvn|

¬
QL, (32)

where QL ⊂ RM is the cube centered at the origin and with side length L, and therefore is a BV
function. Moreover, by choosing L large enough, wn and vn generate the same Young measure.

Let us define
zn(x) := dW̃ (−e1, wn(x)),

as the geodesic distance from a well in the transformed space. Since wn ∈ BV (Ω;RM ) and
the geodesic distance belongs to Lip(RM × RM ;R), by [1, Proposition 3.69(c)] we get that
zn ∈ BV (Ω;R). Also, since wn is given by

wn = TLT−1
a un,

it follows that
Jwn ⊆ JT−1

a
= Ja, |Dcwn| ≤ C|Dca|. (33)

We now want to estimate |Dzn|(Ω). Therefore, using the chain rule in BV (see [1, Theorem
3.101]), together with (31) and (33) we get

|Dzn|(Ω) ≤
ˆ
Ω
|∇ dW̃ (−e1, wn)||∇wn| dx+ CHd−1(Jwn ∩ Ω) + C|Dcwn|(Ω)

≤ C

(ˆ
Ω
2

√
W̃ (wn)|∇wn| dx+HN−1(Ja ∩ Ω) + |Dca|(Ω)

)
.

Since W̃ (vn) is bounded above by CW (x, un), and wn is the component-wise truncation of vn,
using (32) we get
ˆ
Ω
2

√
W̃ (wn)|∇wn| dx ≤

ˆ
Ω
2
√
W (x, un)|T−1

a ||∇un| dx+

ˆ
QL

2

√
W̃ (wn)|un||∇T−1

a | dx

≤ 1

δ
Fεn(un) + CL∥a∥∞|Da|(Ω).

In particular, this implies that for sequences {un}n uniformly bounded in energy, the total vari-
ation of zn is uniformly bounded. Then, up to a subsequence (without relabelling), we have
zn

∗
⇀ z in BV (Ω;R). By the Rellich-Kondrachov BV compactness Theorem we know that, up

to a subsequence, the convergence is also strongly in L1.

Since wn is equiintegrable and dW̃ (−e1, ·) is a Lipschitz function, we infer that zn is also
equiintegrable. Therefore, it generates a Young measure ηx and, by the strong convergence in
L1, we derive ηx = δz(x).

Now, notice that we can test with φ ∈ C0(Ω) and ψ ∈ C0(RN ) to deriveˆ
Ω

ˆ
R
φ(x)ψ(y) dηx(y) dx =

ˆ
Ω
φ(x)ψ(z(x)) dx

= lim
n→∞

ˆ
Ω
φ(x)ψ(zn(x)) dx

=

ˆ
Ω

ˆ
RN

φ(x)ψ( dW̃ (−e1, p)) dνx(p) dx

=

ˆ
Ω
φ(x)(θ(x)ψ( dW̃ (−e1, e1)) + (1− θ(x))ψ(0)) dx.
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From the arbitrariness of φ we infer

⟨ηx, ψ⟩ =
ˆ
Ω
ψ(z(x)) dx =

ˆ
Ω
θ(x)ψ( dW̃ (−e1, e1)) + (1− θ(x))ψ(0) dx

=
〈
θ(x)δdW̃ (−e1,e1) + (1− θ(x)δ0), ψ

〉
,

which holds pointwise for almost every x ∈ Ω. This in turn implies, by duality, that

δz(x) = ηx = θ(x)δdW̃ (−e1,e1) + (1− θ(x)δ0),

for almost every x ∈ Ω. We infer θ(x) ∈ {0, 1}. Since z ∈ BV (Ω;R) we derive that θ(x) = χE
for a set of finite perimeter E.

Now, taking an arbitrary φ ∈ C(Ω), we can deriveˆ
Ω
w(x)φ(x) dx = lim

n→∞

ˆ
Ω
wn(x)φ(x) dx

=

ˆ
Ω
φ(x)

ˆ
RN

p dνx(p) dx

=

ˆ
Ω
φ(x)(χE(x)e1 + (1− χE(x)(−e1)) dx.

Consequently,
w(x) = χE(x)e1 + (1− χE(x))(−e1).

Since the same argument also applies for v, we infer v = w. Furthermore, we have for some
q ∈ (1,∞) that

lim
n→∞

ˆ
Ω
|wn|q dx =

ˆ
Ω

ˆ
RN

|p|q dνx(p) dx = |Ω|.

Since wn is uniformly bounded in L∞, it also converges weakly to some w ∈ Lq. Thanks to the
reflexivity of Lq, since we have convergence of the norms and weak convergence of wn to w, we
know that wn converges strongly to w in Lq, and therefore in L1.

Since vn is equiintegrable and wn is its truncation at a suitable high value, we know that vn
also converges strongly. Now, since Ta ∈ L∞(Ω;RM×M ) we can finally derive that

lim
n→∞

un = lim
n→∞

Tavn = Tav = χE(x)a(x) + (1− χE(x))(−a(x)),

in L1, and we conclude. □

6. Liminf inequality

The aim of this section is to prove the lim inf inequality of our Γ-limit result (see Theorem
2.17). We are able to prove it under a weaker assumption on the regularity of the partition of
Ω, compared to (H6).

Theorem 6.1. Assume that (H1)-(H5), and that (H7)-(H8) hold. Moreover, assume that there
exists a Caccioppoli partition Ω1, . . . ,Ωk of Ω, such that

W (x, u) =

k∑
i=1

Wi(x, u)1Ωi(x),

a(x) =

k∑
i=1

ai(x)1Ωi(x), b(x) =

k∑
i=1

bi(x)1Ωi(x),

where Wi ∈ C0(Ω× RM ) and ai, bi ∈W 1,2(Ω;RM ) ∩ C0(Ω;RM ).
Let u ∈ L1(Ω;RM ) and {un}n ⊂ H1(Ω;RM ) such that un → u in L1(Ω;RM ). Then, we have

F(u) ≤ lim inf
n→∞

Fεn(un),

for every sequence εn → 0.
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Proof. We divide the proof in steps.

Step 0: The setup. Let δ > 0 be arbitrary. By passing to a subsequence (not relabeled), we
may assume

lim
n→∞

Fεn(un) = lim inf
n→∞

Fεn(un) <∞. (34)

We apply the blow-up method of Fonseca and Müller [14]. Define the Radon measures

µn(B) := Fεn(un, B)

for measurable sets B ⊂ Ω. By (34), {µn}n is uniformly bounded in Mb(Ω), the space of Radon
measures in Ω. Thus, there exists µ ∈ Mb(Ω) such that µn ⇀∗ µ in Mb(Ω) (after extracting a
subsequence). Consider now λ := HN−1|Ju and observe that, for HN−1-a.e. x0 ∈ Ju,

dµ

dλ
(x0) <∞ and

dHN−1

dλ
(x0) = 1.

By the Besicovitch differentiation theorem, we also know that for HN−1-a.e. x0 ∈ Ju we have

dµ

dλ
(x0) = lim

ρ→0+

µ(Q(x0, ρ))

λ(Q(x0, ρ))
= lim

ρ→0+

µ(Q(x0, ρ))

ρN−1
,

where Q(x0, ρ) are cubes with side length ρ > 0 with two faces orthogonal to ν(x0). Since the
set of ρ such that µ(∂Q(x0, ρ)) > 0 is at most countable, it follows that

µ(Q(x0, ρ))

ρN−1
= lim

n→∞

µn(Q(x0, ρ))

ρN−1
,

for ρ ∈ E where H1((0,∞) \ E) = 0. Without loss of generality, we can assume x0 = 0,
ν(x0) = eN . For ρ > 0, we set

Q(ρ) := (−ρ/2, ρ/2)N , Q+(ρ) := (0, ρ/2)N ,

Q−(ρ) := (−ρ/2, 0)N , and Q′(ρ) := (−ρ/2, ρ/2)N−1.

We also set Q := Q(1) and Q′ := Q′(1). Now, by applying Lemma A.2, we choose a sequence
ρm → 0 such that

un
n→∞−−−→ u

in L1(∂Q(ρm);RM ) holds, and that for some i, j = 1, .., k (with possibly i = j) we have

u(ρm·, ρm/2)
m→∞−−−−→ u+(x0), (35)

and

u(ρm·,−ρm/2)
m→∞−−−−→ u−(x0), (36)

in L1(Q′;RM ). Without loss of generality, we can assume that

u+(x0) = ai(x0), u−(x0) = aj(x0),

with i ̸= j. The case u+(x0) = ai(x0) and u−(x0) = bj(x0), for some i, j ∈ {1, . . . , k}, follows by
using a similar argument Furthermore, by the slicing theory for BV -functions (cf. section 3.11
in [1]) we infer that for HN−1-a.e. x′ ∈ Q′ we have

ux′ := u(ρmx
′, ·) ∈ BV ((−ρm/2, ρm/2),RM )

with the additional property that

Jux′ = PN (Ju ∩ ({ρmx′} × (−ρm/2, ρm/2)))

where PN (x) := xN .

Step 1: Extraction of a nice set
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We will now argue the existence of a large subset of Q′(1) such that ux′ is nicely behaved. By
the application of the co-area formula [1, Theorem 2.93] with E = Ju and f(x) = x′, we derive

1

ρN−1
m

ˆ
Q′(ρm)

H0(Jux′ ) dx
′ =

1

ρN−1
m

ˆ
Ju

|ν · en| dx′ ≤
HN−1(Ju ∩Q(ρm))

ρN−1
m

m→∞−−−−→ 1.

Moreover, we notice that if H0(Jux′ ) = 0 holds for some x′ we have ux′ = al(ρmx
′, ·) for some

l = 1, .., k by (H4). We obtain

ρm ≤ C

ˆ
(0,ρm)

|u− ai(x0)| ds+
ˆ
(−ρm,0)

|u− aj(x0)| ds

where C is not dependent on x′. Using the definition of approximate limits, we have for large m

ρmHN−1({x′ ∈ Q′(ρm) : H0(Jux′ ) = 0}) ≤ C

(ˆ
Q+(ρm)

|u− ai(x0)| dx+

ˆ
Q−(ρm)

|u− aj(x0)| dx

)
≤ δρNm.

In particular, for large m ∈ N there exists a measurable set Mm ⊂ Q′(ρm) such that for all
x′ ∈Mm we have

H0(Jux′ ) = 1

and

HN−1(Mm) ≥
(
1− δ

2

)
ρN−1
m .

Since the trace of the slices coincides with the standard trace for HN−1-a.e. x′ ∈ Q′(ρm), by
(35) and (36) we can further assume that

ux′(ρm) → ai(x0) and ux′(−ρm) → aj(x0)

for all x′ ∈ Mm (after possibly removing a null set contained in Mm). Furthermore, we denote
the jump point in Jux′ by (x′, h(x′)). We claim that there exists M ′

m ⊂Mm with

HN−1(M ′
m) ≤

δρN−1
m

2

such that for x′ ∈Mm \M ′
m

H1({(x′, t) : t > h(x′)} ∩ Ωl}) = 0 (37)

for all l ̸= i and

H1({(x′, t) : t < h(x′)} ∩ Ωl}) = 0 (38)

for all l ̸= j.
Indeed, suppose there exists a subsequence (mα) for which you cannot extract such a set

Nα ⊂ Mmα with |Nα| ≥ δρmα . By rescaling, we can infer the existence of sets Ñα ⊂ Q′ with
HN−1(Ñα) ≥ δ such that for all x′ ∈ Ñα

H1

{(x′, t) : t > h(x′)} ∩
⋃
l ̸=i

Ωl

 > 0 (39)

or

H1

{(x′, t) : t < h(x′)} ∩
⋃
l ̸=j

Ωl

 > 0.

Without loss of generality, let us assume the first case (39) holds for all x′ ∈ Ñα. This, in turn,
implies that for some constant C > 0 and large m we have |ux′(ρm)−ai(x0)| > C for all x′ ∈ Nα
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since ux′ only has one jump point, al are continuous and al(x0) ̸= ai(x0) for l ̸= i. This directly
contradicts the L1 convergence in (35) since

ux′(ρm) = u(ρm/2x
′, ρm/2)

for HN−1-a.e. x′ ∈ Q′(ρm) holds. With abuse of notation, we will denote Mm \M ′
m by Mm

again and note that

HN−1(Mm) ≥ (1− δ) ρN−1
m (40)

holds.

Step 2: The blow-up. After this technical setup, we now perform the blow-up. We remind
ourselves of
dµ

dλ
(x0) = lim

m→∞
lim
n→∞

µn(Q(x0, ρm))

ρN−1
m

= lim
m→∞

lim
n→∞

1

ρm

ˆ
Q(ρm)

1

εn
W (x, un) + εn|∇un|2 dx. (41)

Now, let M0 = M0(∥a∥∞, f, CG) be the constant given by Corollary 4.14. In the following, the
truncation of a vector p ∈ RM by a scalar L > 0 is to be understood component-wise, i.e., we set
(p∧L)i := max{min{pi, L},−L}. Using (H6), we infer the existence of M > M0 and L > ∥a∥∞
such that the relation

W (p) ∧M =W (p ∧ L) ∧M

holds for all p ∈ RN . Now, we define

W̃ :=W ∧ L, W̃i :=Wi ∧ L and ũn := un ∧M.

We first observe the straightforward estimate

lim
m→∞

lim
n→∞

1

ρN−1
m

ˆ
Q(ρm)

1

εn
W (x, un) + εn|∇un|2 dx

≥ lim inf
m→∞

lim inf
n→∞

1

ρN−1
m

ˆ
Q(ρm)

1

εn
W̃ (x, ũn) + εn|∇ũn|2 dx. (42)

Let Ta be defined as in (7) with inverse Sa = T−1
a . Set vn := Saũn. We observe that (H8)

implies

|W̃l(x, Tal(x)vn)− W̃l(x0, Tal(x0)vn)| ≤ ω(ρm)Wl(x, Tal(x)vn), (43)

for all x ∈ Ω and l = 1, .., k. Now, we set

Ql(ρm) := Ωl ∩Q(ρm).

From (43), we infer

lim inf
m→∞

lim inf
n→∞

1

ρN−1
m

ˆ
Q(ρm)

1

εn
W̃ (x, ũn(x)) + εn|∇ũn|2 dx

= lim inf
m→∞

lim inf
n→∞

1

ρN−1
m

k∑
l=1

ˆ
Ql(ρm)

1

εn
W̃l(x, Tal(x)vn) + εn|∇ũn|2 dx

≥ lim inf
m→∞

lim inf
n→∞

1

ρN−1
m

k∑
l=1

ˆ
Ql(ρm)

1

εn
W̃l(x0, Tal(x0)vn) + εn|∇ũn|2

− ω(ρm)
1

εn
W̃l(x, Tal(x)vn) dx. (44)

Now, we notice that we can estimate the last term

1

ρN−1
m

ω(ρm)
1

εn

ˆ
Ql(ρm)

W̃l(x, Tal(x)vn) dx ≤ ω(ρm)µn(Q(ρm))

ρN−1
m

.
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Therefore, by (41) the term vanishes. Next, we infer

lim inf
m→∞

lim inf
n→∞

1

ρN−1
m

ˆ
Q(ρm)

1

εn
W̃ (x, ũn(x)) + εn|∇ũn|2 dx

= lim inf
m→∞

lim inf
n→∞

1

ρN−1
m

k∑
l=1

ˆ
Ql(ρm)

1

εn
W̃l(x0, Tal(x0)vn) + εn|∇ũn|2 dx

≥ lim inf
m→∞

lim inf
n→∞

1

ρN−1
m

∑
l∈{i,j}

ˆ
Ql(ρm)

1

εn
W̃l(x0, Tal(x0)vn) + εn|∇ũn|2 dx. (45)

Since ũn ∈ L∞(Ω;RM ) by construction, and Sa ∈ L∞(Ω;RM×M ) by (H4), we can apply the
product rule for the approximate gradients of BV -functions. We derive ∇vn = ∇Saũn+Sa∇ũn ∈
L2(Ω;RM×N ). Furthermore, using

|TaZ| = |a||Z|,
for Z ∈ RM×N and Young’s inequality (c, d, δ > 0)

cd ≤ δc2 +
1

δ
d2,

we obtain

εn|∇ũn|2 = εn|a|2|∇vn −∇Saũn|2

≥ εn(|a|2(1− δ)|∇vn|2 − Cδ|∇Sa|2),

where Cδ > 0 asymptotically behaves like 1
δ . We apply this with wn := Ta(x0)vn to infer, for

l ∈ {i, j}, that

1

ρN−1
m

ˆ
Ql(ρm)

1

εn
W̃l(x0, wn) + εn|∇ũn|2 dx

≥ (1− δ)
1

ρN−1
m

ˆ
Ql(ρm)

1

εn
W̃l(x0, wn) + εn|al(x)|2|∇vn|2 − εnCδ|Sa|2 dx. (46)

Here, the last term vanishes as n→ ∞. We further estimate that

lim inf
m→∞

lim inf
n→∞

1

ρN−1
m

ˆ
Ql(ρm)

1

εn
W̃l(x0, wn) + εn|al(x)|2|∇vn|2 dx

= lim inf
m→∞

lim inf
n→∞

1

ρN−1
m

ˆ
Ql(ρm)

1

εn
W̃l(x0, wn) + εn

(
|al(x)|
|al(x0)|

)2

|∇wn|2 dx

≥ lim inf
m→∞

lim inf
n→∞

1

ρN−1
m

ˆ
Ql(ρm)

|al(x)|
|al(x0)|

2

√
W̃l(x0, wn)|∇wn| dx

≥ lim inf
m→∞

lim inf
n→∞

1− ω̃l(ρm)

ρN−1
m

ˆ
Ql(ρm)

2

√
W̃l(x0, wn)|∇wn| dx

≥ (1− δ) lim inf
m→∞

lim inf
n→∞

1

ρN−1
m

ˆ
Ql(ρm)

2

√
W̃l(x0, wn)|∇wn| dx, (47)

where ω̃l is the modulus of continuity of x 7→ |al(x)/al(x0)| at x0. To summarize (41), (42),
(44), (45), (46) and (47), at this point we have

dµ

dλ
(x0) ≥ (1− δ)2 lim inf

m→∞
lim inf
n→∞

1

ρN−1
m

∑
l∈{i,j}

ˆ
Ql(ρm)

2

√
W̃l(x0, wn)|∇wn| dx. (48)

Since
|(Mm × (−ρm/2, ρm/2)) \ (Qi(ρm) ∪Qj(ρm))| = 0
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by (37) and (38), we can derive∑
l∈{i,j}

ˆ
Ql(ρm)

1

εn
W̃l(x0, Tal(x0)vn) + εn|∇ũn|2 dx

≥
ˆ
Mm

ˆ h(x′)

−1/2
2

√
W̃j(x0, wn)|∇wn| dt+

ˆ 1/2

h(x′)
2

√
W̃i(x0, wn)|∇wn| dtdx′

≥
ˆ
Mm

d
W̃j

(x0, wn(x
′,−ρm/2), w−

n (x
′, h(x′))) + d

W̃i
(x0, w

+
n (x

′, h(x′)), wn(x
′, ρm/2)) dx

′,

(49)

where w+
n , w

−
n are the one-sided trace values at (x′, h(x′)). Now, we observe that

wn(·,−ρm/2) = Taj (x0)Saj (·,−ρm/2)ũn(·,−ρm/2)
n→∞−−−→ Taj (x0)Saj (·,−ρm/2)u(·,−ρm/2)

in L1(Q′(ρm)) (analogously for wn(·, ρm/2)). Moreover, we have

w−
n (x

′, h(x′)) = Taj (x0)Saj ((x
′, h(x′))un(x

′, h(x′))

and

w+
n (x

′, h(x′)) = Tai(x0)Sai((x
′, h(x′))un(x

′, h(x′)).

Now, we set
z−m(x

′) := Taj (x0)Saj (x
′,−ρm/2)u(x′,−ρm/2),

z+m(x
′) := Tai(x0)Sai(x

′, ρm/2)u(x
′, ρm/2),

Lj,mx′ := Taj (x0)Saj ((x
′, h(x′)),

and
Li,mx′ := Tai(x0)Sai((x

′, h(x′)).

Since dWl
is Lipschitz on compact sets K ⊂ RM (cf. 4.4) we obtain

inf
r∈RM

d
W̃j

(x0, p, L
j,m
x′ r) + d

W̃i
(x0, L

i,m
x′ r, q) ≤ CK(1 + |p|+ |q|). (50)

for any p, q ∈ K. Since the sequence {wn} is uniformly bounded in L∞ we can apply (50) in
conjunction with the Dominated Convergence Theorem to infer

lim
n→∞

ˆ
Mm

d
W̃j

(x0, wn(x
′,−ρm/2), w−

n (x
′, h(x′))) + d

W̃i
(x0, w

+
n (x

′, h(x′)), wn(x
′, ρm/2)) dx

′

≥ lim
n→∞

ˆ
Mm

inf
r∈RM

(
d
W̃j

(x0, wn(x
′,−ρm/2), Lj,mx′ r) + d

W̃i
(x0, L

i,m
x′ r, w(x

′, ρm/2))
)
dx′

=

ˆ
Mm

inf
r∈RM

(
d
W̃j

(x0, z
−
m(x

′), Lj,mx′ r) + d
W̃i

(x0, L
i,m
x′ r, z

+
m(x

′))
)
dx′. (51)

Again, using the uniform boundedness of the integrand in L∞ with (40), we obtainˆ
Mm

inf
r∈RM

(
d
W̃j

(x0, z
−
m(x

′), Lj,mx′ r) + d
W̃i

(x0, L
i,m
x′ r, z

+
m(x

′))
)
dx′

≥
ˆ
Q′(ρm)

inf
r∈RM

(
d
W̃j

(x0, z
−
m(x

′), Lj,mx′ r) + d
W̃i

(x0, L
i,m
x′ r, z

+
m(x

′))
)
dx′ − CδρN−1

m . (52)

If we rescale now the integral by 1/ρN−1
m , we derive

1

ρN−1
m

ˆ
Q′(ρm)

inf
r∈RM

(
d
W̃j

(x0, z
−
m(x

′), Lj,mx′ r) + d
W̃i

(x0, L
i,m
x′ r, z

+
m(x

′))
)
dx

=

ˆ
Q′

inf
r∈RM

(
d
W̃j

(x0, w
−
m(ρmx

′), Lj,mρmx′r) + d
W̃i

(x0, L
i,m
ρmx′

r, w+
m(ρmx

′))
)
dx. (53)



34 RICCARDO CRISTOFERI, JAKOB DEUTSCH, LUCA PIGNATELLI

Now again, since w±
m are uniformly bounded in L∞, also the inf is uniformly attained in a

large ball (cf. Proposition 4.13). Therefore, we notice that the integrand is uniformly bounded
in L∞(Q′). By (35) and (36), and the continuity of Sal we also obtain

w+
m(ρm·)

m→∞−−−−→ ai(x0) and w−
m(ρm·)

m→∞−−−−→ aj(x0)

in L1(Q′,RM ). In particular, we have pointwise convergence almost everywhere. Now, we also
observe that for every x′ ∈ Q′ we have

Li,mρmx′
m→∞−−−−→ IdM and Lj,mρmx′

m→∞−−−−→ IdM .

By applying Lemma A.1, for HN−1-a.e. x′ ∈ Q′, it follows that

inf
r∈RM

(
d
W̃j

(x0, w
−
m(ρmx

′), Lj,mρmx′r) + d
W̃i

(x0, L
i,m
ρmx′

r, w+
m(ρmx

′))
)

m→∞−−−−→ inf
r∈RM

(
d
W̃j

(x0, aj(x0), r) + d
W̃i

(x0, r, ai(x0))
)
.

Applying the dominating convergence theorem, we infer

lim
m→∞

ˆ
Q′

inf
r∈RM

(
d
W̃j

(x0, w
−
m(ρmx

′), Lj,mρmx′r) + d
W̃i

(x0, L
i,m
ρmx′

r, w+
m(ρmx

′))
)
dx′

= inf
r∈RM

(
d
W̃j

(x0, aj(x0), r) + d
W̃i

(x0, r, ai(x0))
)

= d
W̃
(x0, u

−(x0), u
+(x0)). (54)

Gathering (48), (49), (51), (52), (53), (54), we obtain
dµ

dλ
(x0) ≥ (1− δ)2d

W̃
(x0, u

−(x0), u
+(x0))− Cδ = (1− δ)2dW (x0, u

−(x0), u
+(x0))− Cδ.

by our choice of truncation constants (cf. Corollary 4.14) and with C > 0 not depending on δ.
Since δ > 0 was arbitrary, we conclude.

□

7. Limsup inequality

This section is devoted to the proof of the limsup inequality. we start by proving the result
in the case with no mass constraint.

Theorem 7.1. Let {εn}n be an infinitesimal sequence. Assume that (H1)-(H8) hold. Let u ∈
L1(Ω;RM ). Then, there exists {un}n ⊂ H1(Ω;RM ) such that

F∞(u) = lim
n→∞

Fεn(un).

and un → u in L1(Ω;RM ).

To prove this, we need the following preliminary result.

Lemma 7.2. Fix λ > 0, ε > 0, x ∈ Ω, and p, q ∈ RM . Let γ ∈ C1([−1, 1];RM ) with γ′(s) ̸= 0
for all s ∈ (−1, 1), γ(−1) = p, γ(1) = q. Then, there exist τ > 0 and C > 0 with

Cε ≤ τ ≤ ε√
λ

ˆ 1

−1
|γ′(s)| ds,

and g ∈ C1([0, τ ]; [−1, 1]) such that

(g′(t))2 =
λ+W (x, γ(g(t)))

ε2|γ′(g(t))|2
, (55)

for all t ∈ (0, τ), g(0) = −1, g(τ) = 1, andˆ τ

0

[
1

ε
W (x, γ(g(t))) + ε|γ′(g(t))|2|g′(t)|2

]
dt ≤

ˆ 1

−1
2
√
W (x, γ(s))|γ′(s)| ds+ 2

√
λ

ˆ 1

−1
|γ′(s)| ds.
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A proof of this result can be found in [8, Lemma 6.3] (see also [21, Proposition 2] and [2,
Lemma 3.2]).

Proof of Theorem 7.1. We divide the proof into several steps.

Step 0: Approximation with C2 sets. We use Proposition 4.15 to approximate the jump set
of u with C2 sets such that they coincide with the C2 jump sets of the wells as much as possible.
We define the singular set S of the approximated jump set as the set of points belonging to the
approximation for which either the measure-theoretic exterior normal is not defined, or its norm
is not equal to 1. Since S has finite HN−2-measure, we can define

Sn := NCεn(S) = {x ∈ Ω : |x− y| < Cεn for y ∈ S},
and it follows that

LN (Sn) ≤ Dε2n,

where the constant D > 0 depends only on HN−2(S).
Therefore, considering only Ω \ Sn, we are effectively isolating the singularities, and we can

now assume that each interface Σ is a C2 parameterized hypersurface, where the normals are
defined and the distance function from the interface is C1 in a tubular neighborhood around
it. In the following steps, we will carry out the construction of the recovery sequence and the
relative computations only for the local case of a single C2 interface. The global construction
can be carried out in a similar way as in [8, Lemma 4.6], by using interpolation between the local
constructions built below. We decided not to detailed this standard construction, and focus on
the ideas for building the recovery sequence close to the regular part of the interfaces.

Step 1: Construction of a local recovery sequence. For 0 < α < β < 1 define

rn := εαn, ηn := εβn. (56)

This choice allows us to have εn ≪ ηn ≪ rn. Thanks to the assumption a, b ∈ L∞, using
Theorem 4.8 we know that there exists a constant L > 0 such that the geodesics satisfy L(γ) ≤ L,
where L(γ) is the length of the geodesic γ. We therefore also define

ℓn := Lεn. (57)

We are assuming that Σ is the graph of a C2 function, therefore there exist an open set D ⊂
RN−1, and a C2 function ψ : D → R such that ψ(D) = Σ.
For y ∈ D, we define the normal to the interface at ψ(y) as ν(y). With this, we define the
function Ψ: D × [−ℓn, ℓn] → RN as

Ψ(y, t) := ψ(y) + tν(y).

For n large enough, the tubular neighborhood theorem guarantees that this map is a C1 dif-
feomorphism, and that every point in it has a unique projection on the interface, meaning that
Ψ(y, t) get projected to ψ(y).
Now, take a lattice of points {yi}i∈In ⊂ D with spacing 2rn, and define the set

U in := {x ∈ Ω : ∃y ∈ Q′(yi, rn), ∃t ∈ [−ℓn, ℓn] : Ψ(y, t) = x}, (58)

as the local tubular neighborhood around ψ(yi).
We observe that the, for the index set In, it holds that

#|In| ≤ C
1

rN−1
n

, (59)

where the constant C does not depend on n.
Take also {φin}n,i∈In ⊂ C∞(D) a partition of unity such that

0 ≤ φin ≤ 1, φin ≡ 1 ∈ Q′(yi, rn − ηn), φin ≡ 0 ∈ D \Q′(yi, rn + ηn) (60)∑
i∈In

φin(y) ≡ 1 in D, |∇φin| ≤
C

2ηn
. (61)
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ψ(yi)

Ui
n

Figure 4. Partition of the tubular neighborhood.

Let γi be the geodesic given by Theorem 4.8 relative to ψ(yi), namely a curve in C1([−1, 1];RM )
with γi(−1) = u−(ψ(yi)), γi(1) = u+(ψ(yi)) and γ′i(s) ̸= 0, such that

L(γi) ≤ L,

ˆ 1

−1
2
√
W (ψ(yi), γi(s))|γ′i(s)| ds = dW (ψ(yi), u

+(ψ(yi)), u
−(ψ(yi))). (62)

Now, we apply Lemma 7.2 with

λ = ε2n, ε = εn, γ = γi

to find τ in < ℓn and gin ∈ C1(−τ in, τ in) such that

((gin)
′(t))2 =

ε2n +W (x, γi(g
i
n(t)))

ε2|γ′i(gin(t))|2
, (63)

andˆ τ in

0

[
1

ε
W (x, γi(g

i
n(t))) + ε|γ′i(gin(t))|2|(gin)′(t)|2

]
dt ≤

ˆ 1

−1
2
√
W (x, γi(s))|γ′i(s)| ds+ 2Lεn.

This result, together with Theorem 4.8, also implies that the reparametrized geodesics are
bounded

∥γi ◦ gin∥∞ ≤ C < +∞. (64)
This in turn, together with (H4) and Lemma 7.2, gives us

|γ′i(gin(t))| |(gin)′(t)| ≤
C

ε2n
. (65)

Extend gin to the whole real line by setting gin(s) ≡ 1 for s ≥ τ in and gin(s) ≡ −1 for s ≤ −τ jn.
We define vin in D × [−ℓn, ℓn] using the maps Ta defined in Remark 2.7, as

vin(y, t) := Ta(Ψ(y, t))T−1
a (ψ(yi))γi(g

i
n(t)). (66)

The reason for this choice is that this respects the boundary values, since

vin(y, ℓn) = Ta(Ψ(y, ℓn))T
−1
a (ψ(yi))γi(g

i
n(ℓn))

= Ta(Ψ(y, ℓn))T
−1
a (ψ(yi))a(ψ(yi))

= Ta(Ψ(y, ℓn))e1

= a(Ψ(y, ℓn)), (67)

and analogously
vin(y,−ℓn) = −a(Ψ(y,−ℓn)). (68)

Then, for y ∈ D and t ∈ [−ℓn, ℓn] we define

vn(y, t) :=
∑
i∈In

φin(y)v
i
n(y, t). (69)
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This sequence still respects the boundary values, since

vn(y, ℓn) =
∑
i∈In

φin(y)v
i
n(y, ℓn)

=
∑
i∈In

φin(y)a(Ψ(y, ℓn))

= a(Ψ(y, ℓn))
∑
i

φin(y)

= a(Ψ(y, ℓn)),

where in the last step we used (67). Analogously it holds

vn(y,−ℓn) = −a(Ψ(y,−ℓn)).

Also, thanks to a ∈ L∞, it is clear that

sup
n∈N

∥vn∥∞ ≤ C < +∞. (70)

Since Ψ is a diffeomorphism, we can define the local recovery sequence un around Σ as

un(x) :=


a(x) distΣ(x) > ℓn,

vn(Ψ
−1(x)) |distΣ(x)| ≤ ℓn,

−a(x) distΣ(x) < −ℓn.
(71)

Here, distΣ denotes the signed distance from Σ. Note that this construction implies un ∈
L1(Ω;RM ). Finally, we denote the tubular neighborhood by Σn := Ψ(D× [−ℓn, ℓn]) (see Figure
4).

Step 2: Localization in strip. Since we define the recovery sequence to be equal to the wells
outside of the ℓn-tubular neighborhood of the interface, and the wells are in W 1,2, we get that
it is only necessary to study what happens inside of the tubular neighborhood.
Indeed,

Fεn(un) =
ˆ
Ω

[
1

εn
W (x, un) + εn|∇un|2

]
dx

=

ˆ
Σn

[
1

εn
W (x, un) + εn|∇un|2

]
dx+

ˆ
{|distΣ(x)|>ℓn}

εn|∇a|2 dx.

The last term of the last line can be bounded byˆ
{|distΣ(x)|>ℓn}

εn|∇a|2 dx ≤ εn∥∇a∥2L2(Ω;RM×N )

which vanishes in the limit since a ∈ W 1,2(Ω;RM ). We are therefore left with estimating the
integral over the tubular neighborhood. In order to change coordinates with the diffeomorphism
Ψ, we need to see how the gradient changes under this reparameterization.

Thanks to the definition of Ψ, we have that

JΨ = (Jψ + tJν | ν).

We now want to compute the determinant det(JΨ). Since vn(y, t) = un(Ψ(y, t)), by the chain
rule we get ∇(y,t)vn = (JΨ)T∇xun, therefore

∇xun = ((JΨ)T )−1∇(y,t)vn.

To find |∇xun|2, we compute the dot product

|∇xun|2 = (∇(y,t)vn)
T ((JΨ)TJΨ)−1∇(y,t)vn.
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The matrix (JΨ)TJΨ yields

(JΨ)TJΨ =

(
(Jψ + tJν)T (Jψ + tJν) (Jψ + tJν)T ν

νT (Jψ + tJν) νT ν

)
.

We denote the top left block by

G = (Jψ + tJν)T (Jψ + tJν). (72)

Since ν is a unit normal vector, we have νT ν = |ν|2 = 1. Differentiating this identity we also
find that (Jν)T ν = 0. Moreover, since ν is orthogonal to the surface tangent vectors Jψ, we
have (Jψ)T ν = 0. In particular, these imply that the matrix is equal to

(JΨ)TJΨ =

(
G 0
0 1

)
=⇒ ((JΨ)TJΨ)−1 =

(
G−1 0
0 1

)
.

Splitting the gradient of vn into a tangential part and a normal part, we get

|∇xun|2 =
(
(∇yvn)

T ∂tvn
)(G−1 0

0 1

)(
∇yvn
∂tvn

)
= ∇yvn ·G−1∇yvn + |∂tvn|2. (73)

Therefore, applying the change of coordinates x = Ψ(y, t), we get
ˆ
Σn

[
1

εn
W (x, un) + εn|∇un|2

]
dx

=
∑
i∈In

ˆ
U i
n

[
1

εn
W (x, un) + εn|∇un|2

]
dx

=
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (Ψ(y, t), vn) + εn|∂tvn|2 + εn∇yvn ·G−1(y, t)∇yvn

]
|det(JΨ)| dydt.

For brevity, we define

gn(y, t) :=
1

εn
W (Ψ(y, t), vn) + εn|∂tvn|2 + εn∇yvn ·G−1(y, t)∇yvn.

Since ψ is a C2 map, and ν is C1, we have that Jψ + tJν, and therefore G, is continuous,
therefore its norm is bounded on compact sets. Moreover, thanks to tubular neighborhood
theorem, G is also always strictly positive definite. What these two facts imply is that for
all n ∈ N and for all y ∈ D, t ∈ (−ℓn, ℓn), there exist C > 0 and t0 ∈ (−ℓn, ℓn) such that
∀t ∈ (−t0, t0) it holds

1

C
|∇yvn|2 ≤ ∇yvn ·G−1∇yvn ≤ C|∇yvn|2. (74)

A proof of this can be found in [20, Lemma 2.3]. Thanks to the definition of the recovery
sequence and the partition of unity φin, we can split the integral as∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn
gn(y, t)|det(JΨ)|dydt =

∑
i∈In

ˆ
Q′(yi,rn−ηn)

ˆ ℓn

−ℓn
gn(y, t)|det(JΨ)|dydt

+
∑
i∈In

ˆ
Q′(yi,rn)\Q′(yi,rn−ηn)

ˆ ℓn

−ℓn
gn(y, t)|det(JΨ)|dydt.

We denote the first term of the right-hand side by In1 and the second term by In2 .

Step 3: Estimate of In2 . We prove that the contribution of I2 is neglibile in the limit.
Thanks to Assumption (H5), together with (70), we know that ∀n ∈ N it holds W (Ψ(y, t), vn) ≤
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C, which implies

∑
i∈In

ˆ
Q′(yi,rn)\Q′(yi,rn−ηn)

ˆ ℓn

−ℓn

1

εn
W (Ψ(y, t), vn)|det(JΨ)| dy dt

≤ 1

rN−1
n

[
rN−1
n − (rn − ηn)

N−1
]
C
ℓn
εn

= LC

[
1−

(
1− ηn

rn

)N−1
]
→ 0,

where we used ℓn = Lεn and (59). This term vanishes in the limit since ηn ≪ rn.
For the gradient part of I2, observe that for a point y ∈ Q′(yi, rn) \ Q′(yi, rn − ηn), there

exists a finite set of indexes J ⊂ In independent of y such that φjn(y) = 0 for all j ∈ In \ J .
In particular, the cardinality of the set J depends only on the dimension and is uniform in n.
Therefore for I2 we have

vn(y, t) :=
∑
i∈J

φin(y)Ta(Ψ(y, t))T−1
a (ψ(yi))γi(g

i
n(t)).

We first treat the derivative with respect to t. For this we have

|∂tvn(y, t)|2 =

∣∣∣∣∣∣∂t
∑
i∈J(y)

φin(y)v
i
n(y, t)

∣∣∣∣∣∣
2

≤
∑
i∈J(y)

|∂tvin(y, t)|2

≤
∑
i∈J(y)

C|∇Ta(Ψ(y, t)) · n(y)γi(gin(t)) + Ta(Ψ(y, t))γ′i(g
i
n(t))(g

i
n)

′(t)|2

≤ C|∇Ta(Ψ(y, t))|2 + C

ε2n
|Ta(Ψ(y, t))|2,

where we used that |φin| ≤ 1, that |J(y)| is uniform in n, together with (64) and (65). This
implies

∑
i∈J(y)

ˆ
Q′(yi,rn)\Q′(yi,rn−ηn)

ˆ ℓn

−ℓn
εn|∂tvn|2|det(JΨ)| dy dt

≤ Cεn∥∇Ta∥2L2(Ω) + C

[
1−

(
1− ηn

rn

)N−1
]
ℓn
εn

∥Ta∥2∞ → 0, (75)

where this last term vanishes since ℓn = Lεn, together with det(JΨ) being uniformly bounded,
(8) and since

1−
(
1− ηn

rn

)N−1

≤ 2(N − 1)
ηn
rn
,

and we chose ηn, rn such that ηn ≪ rn.



40 RICCARDO CRISTOFERI, JAKOB DEUTSCH, LUCA PIGNATELLI

For the term involving the tangential derivative, using (74) we just need to bound |∇yvn|2.
Therefore, using analogous reasoning as the normal derivative, we have

|∇yvn(y, t)|2 =

∣∣∣∣∣∣∇y

∑
i∈J(y)

φin(y)v
i
n(y, t)

∣∣∣∣∣∣
2

≤ C
∑
i∈J(y)

|∇yφ
i
n(y)Ta(Ψ(y, t)) + φin(y)(Jψ + tJn)∇yTa(Ψ(y, t))|2

≤ C|∇Ta(Ψ(y, t))|2 + C

η2n
|Ta(Ψ(y, t))|2,

where we also used |∇φin| ≤ 1
2ηn

, together with Jψ+ tJν being uniformly bounded. This implies∑
i∈J(y)

ˆ
Q′(yi,rn)\Q′(yi,rn−ηn)

ˆ ℓn

−ℓn
εn∇yvnG

−1∇yvn|det(JΨ)| dy dt

≤ εn∥∇Ta∥2L2(Ω) +

[
1−

(
1− ηn

rn

)N−1
]
ℓnεn
η2n

∥Ta∥2∞ → 0, (76)

where we used that det(JΨ) is bounded, together with (8). This last term vanishes since[
1−

(
1− ηn

rn

)N−1
]
ℓnεn
η2n

≤ C
ε2n
η2n
,

and we chose εn, ηn such that εn ≪ ηn. We can therefore conclude.

Step 4: estimate of In1 . We want to prove that In1 converges to our desired limit, namely∑
i∈In

ˆ
Q′(yi,rn−ηn)

ˆ ℓn

−ℓn

[
1

εn
W (Ψ(y, t), vn) + εn|∂tvn|2 + εn∇yvnG

−1∇yvn

]
|det(JΨ)| dy dt

→
ˆ
D

dW (ψ(y), u+(ψ(y)), u−(ψ(y)))|det(Jψ)| dHN−1(y)

=

ˆ
Σ
dW (x, u+(x), u−(x)) dHN−1(x),

where |det(Jψ)| is the surface area element relative to the parameterization ψ, which for a C2

graph is equal to
√

1 + |∇ψ|2.
Thanks to Step 3, we can equivalently consider the following integral∑

i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (Ψ(y, t), vn) + εn|∂tvn|2 + εn∇yvnG

−1∇yvn

]
|det(JΨ)| dy dt,

as effectively we are adding a vanishing term.
Using the relative continuity condition (H7), we can rewrite the potential term as∑

i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

1

εn
W (Ψ(y, t), vn)|det(JΨ)| dy dt

=
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

1

εn
W (Ψ(y, t), Ta(Ψ(y, t))T−1

a (Ψ(y, t))vn)|det(JΨ)| dy dt

≤
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

1

εn
W (ψ(yi), Ta(ψ(yi))T

−1
a (Ψ(y, t))vn)|det(JΨ)| dy dt

+
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

1

εn
ω(|Ψ(y, t)−Ψ(yi, 0)|)W (Ψ(y, t), vn)|det(JΨ)| dy dt,
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where ω is the modulus of continuity from (H7). We claim that the last term vanishes in the
limit. Indeed, since Ψ is C1, and for (y, t) ∈ Q′(yi, rn)× [−ℓn, ℓn] we get

|(y, t)− (yi, 0)| ≤
√

(N − 1)r2n + ℓ2n =: fn → 0,

and therefore

ω(|Ψ(y, t)−Ψ(yi, 0)|) ≤ ω(ωΨ(|(y, t)− (yi, 0)|)) ≤ ω(ωΨ(fn)) → 0.

This and assumption (H5) imply that

∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

1

εn
ω(|Ψ(y, t)−Ψ(yi, 0)|)W (Ψ(y, t), vn)|det(JΨ)| dy dt

≤ C
1

rN−1
n

rN−1
n

ℓn

εn
ω(ωΨ(fn)) → 0.

We are therefore left with estimating

∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[ 1

εn
W (ψ(yi), Ta(ψ(yi))T

−1
a (Ψ(y, t))vn)

+ εn|∂tvn|2 + εn∇yvnG
−1∇yvn

]
|det(JΨ)| dy dt (77)

We define

wn(y, t) := T−1
a (Ψ(y, t))vn(y, t).

Let us fix d > 0. For all a, b ≥ 0, since
(

a√
d
−
√
db
)2

≥ 0, we get 2ab ≤ 1
d |a|

2 + d|b|2. Thanks
to this, we get

|a+ b|2 ≤
(
1 +

1

d

)
|a|2 + (1 + d) |b|2. (78)

Using this, together with (8), for the normal derivative we get

εn|∂tvn|2 = εn|∇Ta(Ψ(y, t)) · n(y)wn(y, t) + Ta(Ψ(y, t))∂twn(y, t)|2

≤ C

(
1 +

1

d

)
εn|∇Ta(Ψ(y, t))|2 + C (1 + d) εn|a(Ψ(y, t))|2|∂twn(y, t)|2. (79)

For the tangential derivative, we use again (74), together with (78), to get

εn∇yvnG
−1∇yvn ≤ Cεn|∇yvn|2

= Cεn|(Jψ + tJn)∇Ta(Ψ(y, t))wn(y, t) + Ta(Ψ(y, t))∇ywn(y, t)|2

≤ C

(
1 +

1

d

)
εn|∇Ta(Ψ(y, t))|2. (80)

Here, we do not consider the term ∇ywn(y, t), since it turns out that, given our construction of
the recovery sequence, we get

wn(y, t) = T−1
a (Ψ(y, t))vn(y, t) = Ta(ψ(yi))γi(g

i
n(t)) =⇒ ∇ywn = 0.
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Using (79) and (80) in (77), we get∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (ψ(yi), Ta(ψ(yi))T

−1
a (Ψ(y, t))vn) + εn|∂tvn|2

+ εn∇yvnG
−1∇yvn

]
|det(JΨ)| dy dt

≤ (1 + d)
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (ψ(yi), Ta(ψ(yi))wn)

+ εn|a(Ψ(y, t))|2|∂twn|2
]
|det(JΨ)| dy dt (81)

+

(
1 +

1

d

)∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn
εn|∇Ta(Ψ(y, t))|2|det(JΨ)| dy dt. (82)

The term in (82) vanishes since(
1 +

1

d

)∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn
εn|∇Ta(Ψ(y, t))|2|det(JΨ)| dy dt ≤

(
1 +

1

d

)
εn∥∇Ta∥2L2(Ω) → 0.

Noticing that Ta(ψ(yi))wn(y, t) = γi(g
i
n(t)) =: z

i
n(t), we can rewrite (81) as follows:

(1 + d)
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (ψ(yi), Ta(ψ(yi))wn) + εn|a(Ψ(y, t)|2|∂twn|2

]
|det(JΨ)| dy dt

= (1 + d)
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (ψ(yi), z

i
n(t)) + εn

|a(Ψ(y, t))|2

|a(ψ(yi))|2
|(zin)′|2

]
|det(JΨ)| dy dt

= (1 + d)
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (ψ(yi), z

i
n(t)) + εn|(zin)′|2

]
|det(JΨ)| dy dt (83)

+ (1 + d)
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn
εn

(
|a(Ψ(y, t))|2

|a(ψ(yi))|2
− 1

)
|(zin)′|2|det(JΨ)| dy dt. (84)

Since by (H6) we know that a is continuous outside of the jump set, we get that a(Ψ) is also
continuous. By (H3), we have |a(x)| ≥ δ > 0, therefore

|a(Ψ(y, t))|2

|a(ψ(yi))|2
− 1 =

|a(Ψ(y, t))|2 − |a(Ψ(yi, 0))|2

|a(ψ(yi))|2

≤
1

δ2
ω|a|2(|Ψ(y, t)−Ψ(yi, 0)|)

≤
1

δ2
ω|a|2◦Ψ(|(y, t)− (yi, 0)|)

≤
1

δ2
ω|a|2◦Ψ(fn) → 0.

Substituting in (84) we get

(1 + d)
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn
εn

(
|a(Ψ(y, t))|2

|a(ψ(yi))|2
− 1

)
|(zin)′|2|det(JΨ)| dy dt

≤ (1 + d)
1

rN−1
n

rN−1
n

ℓn
εn

1

δ2
ω|a|2◦Ψ(fn) → 0.



LOW REGULARITY POTENTIALS 43

Since |det(JΨ)| is a continuous function, it admits locally a modulus of continuity, and we can
rewrite (83) as

(1 + d)
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (ψ(yi), z

i
n(t)) + εn|(zin)′|2

]
|det(JΨ)|(y, t) dy dt

= (1 + d)
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (ψ(yi), z

i
n(t)) + εn|(zin)′|2

]
|det(JΨ)|(yi, 0) dy dt (85)

+ (1 + d)
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (ψ(yi), z

i
n(t)) + εn|(zin)′|2

]
·

· (|det(JΨ)|(y, t)− |det(JΨ)|(yi, 0)) dy dt. (86)

Using the modulus of continuity of |det(JΨ)|, we estimate (86) as

(1 + d)
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (ψ(yi), z

i
n(t)) + εn|(zin)′|2

]
·

· (|det(JΨ)|(y, t)− |det(JΨ)|(yi, 0)) dy dt

≤ (1 + d)
1

rN−1
n

rN−1
n ℓn

[
1

εn
C + εn

1

ε2n
C

]
ω|det(JΨ)|(fn) → 0.

We are therefore left with estimating (85), namely

(1 + d)
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (ψ(yi), z

i
n(t)) + εn|(zin)′(t)|2

]
|det(JΨ)|(yi, 0) dy dt.

Let us now zoom in on the term |det(JΨ)|(yi, 0): this would be the determinant of the matrix
(Jψ+tJn | n) computed in (yi, 0), or equivalently, the determinant of the matrix (Jψ(yi) | n(yi)).
In particular, this represents the N -dimensional volume of the hyper-rectangle spanned by the
columns of the matrix. Here we can see that, since ν is a unitary vector by definition perpen-
dicular to the other columns, this volume will also be equal to the N − 1-dimensional volume
spanned by the first N − 1 columns, which is equal to |det(Jψ)|(yi).
Using now (63), we can write

(1 + d)
∑
i∈In

ˆ
Q′(yi,rn)

ˆ ℓn

−ℓn

[
1

εn
W (ψ(yi), z

i
n(t)) + εn|(zin)′(t)|2

]
|det(Jψ)|(yi) dy dt

≤ (1 + d)
∑
i∈In

HN−1(Q′(yi, rn))|det(Jψ)|(yi)·

·
ˆ ℓn

−ℓn

[
1

εn
W (ψ(yi), γi(g

i
n(t))) + εn|γ′i(gin(t))|2|(gin)′(t)|2

]
dt

≤ (1 + d)
∑
i∈In

HN−1(Q′(yi, rn))|det(Jψ)|(yi)
ˆ 1

−1
2
√
W (ψ(yi), γi(s))|γ′i(s)| ds (87)

+ (1 + d)2LHN−1(Σ)εn
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This last term vanishes, therefore we can conclude by estimating (87) with

lim
n→∞

ˆ
Σn

[
1

εn
W (x, un) + εn|∇un|2

]
dx

≤ (1 + d) lim
n→∞

∑
i∈In

HN−1(Q′(yi, rn))|det(Jψ)|(yi)
ˆ 1

−1
2
√
W (ψ(yi), γi(s))|γ′i(s)| ds

= (1 + d) lim
n→∞

∑
i∈In

HN−1(Q′(yi, rn))|det(Jψ)|(yi) dW (ψ(yi), u
+(ψ(yi)), u

−(ψ(yi)))

= (1 + d)

ˆ
D

dW (ψ(y), u+(ψ(y)), u−(ψ(y)))|det(Jψ)|(y) dHN−1(y),

where the last step follows from the continuity of y 7→ dW (ψ(y), u+(ψ(y)), u−(ψ(y))) and the
continuity of y 7→ |det(Jψ)|(y). The proof is then concluded by letting d→ 0.

Step 5: General case. Take u ∈ BV (Ω; {a, b}). By Proposition 4.15 we know that there
exists a sequence of functions {vn}n ⊂ BV (Ω; {a, b}) with piecewise C2 jump set, such that

vn → u in L1(Ω;RM ) as n→ ∞, lim
n→∞

F∞(vn) = F∞(u).

We can therefore apply the previous steps to the function vn to obtain a sequence of functions
{wnm}m ⊂W 1,2(Ω;RM ) such that

wnm → vn in L1(Ω;RM ) as m→ ∞, lim
m→∞

Fεm(wnm) = F∞(vn).

Using a diagonalization argument, we find a sequence {mn}n such that the sequence of functions
defined by {un}n = {wnmn

}n has the following properties

un → u in L1(Ω;RM ) as n→ ∞, lim
n→∞

Fεn(un) = F∞(u),

and we conclude. □

We now show that it is possible to slightly adjust the proof of Theorem 7.1 and obtain the
recovery sequence for the mass constrained case.

Theorem 7.3. Assume that (H1)-(H8) hold, with the function f from (H5) satisfying f(t) ≤ |t|α
with α > 1. Let m ∈ RM . Let u ∈ L1(Ω;RM ). Then, there exists {un}n ⊂ H1(Ω;RM ) such that
un → u in L1(Ω;RM ), and moreover

Fm
∞(u) = lim

n→∞
Fm
εn(un).

for every sequence εn → 0.

Proof. The compactness and liminf proof work without any modifications. We only need to
slightly modify the limsup proof, and this revolves around modifying the jump set approximation
and the recovery sequence so that they satisfy the mass constraint.

Step 1: Fixing the approximation. We now have u ∈ BV(Ω; {a, b}) withˆ
Ω
u dx = ma+ (1−m)b.

Then, defining as before A := {u = a}, this implies that |A| = m. Since this is a set of finite
perimeter, thanks to Proposition 4.15 we approximated it with a sequence {An}n of appropriate
C2 sets. The problem here is that we did not require these sets to satisfy the constraint |An| = m
for every n ∈ N. Therefore, this is the first change that needs to be addressed: we thus follow
an idea originally due to Ryan Murray, appropriately modified for our case (see [24]).

Since A is a set of finite perimeter, we can take its reduced boundary ∂∗A. Let us now take
x0, x1 ∈ Ω be points of density 0 and 1 respectively for A, and for k ∈ N define

Dk :=

(
A ∪B

(
x0,

1

k

))
\B
(
x1,

1

k

)
.
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It is possible to see that

1Dk
→ 1A in L1(Ω;R) as k → ∞.

Moreover, we can check that

|D1Dk
| (Ω) = HN−1 (Ω ∩ ∂∗Dk)

≤ HN−1 (Ω ∩ ∂∗A) +HN−1

(
Ω ∩ ∂B

(
x1,

1

k

))
+HN−1

(
Ω ∩ ∂B

(
x2,

1

k

))
→ HN−1 (Ω ∩ ∂∗A)
= |D1A| (Ω).

Therefore we also have
lim
k→∞

Per(Dk; Ω) = Per(A; Ω).

By definition of density for x0, x1 with respect to A, we have

lim
r→0

|A ∩B(x0, r)|
|B(x0, r)|

= 0, lim
r→0

|A ∩B(x1, r)|
|B(x1, r)|

= 1.

Therefore, this implies that there exists k large enough such that∣∣∣∣A ∩B
(
x0,

1

k

)∣∣∣∣ ≤ 1

4

∣∣∣∣B(x0, 1k
)∣∣∣∣ , ∣∣∣∣A ∩B

(
x1,

1

k

)∣∣∣∣ ≥ 3

4

∣∣∣∣B(x1, 1k
)∣∣∣∣ .

Let now (Dn
k )n be the sequence of C2 sets obtained by applying Proposition 4.15 to the set

Dk. Since we have convergence in perimeter and L1, this implies that for a fixed k, there exists
ñ1(k) ∈ N such that for every n ≥ ñ1(k) we have

|Per (Dk; Ω)− Per (Dn
k ; Ω)| ≤

1

k
,

ˆ
Ω

∣∣1Dk
(x)− 1Dn

k
(x)
∣∣ dx ≤ 1

k
.

Since these sets Dn
k are obtained by using a standard mollifying procedure and taking a super-

level set, we know that there exists ñ2(k) ∈ N such that for every n ≥ max{ñ1(k), ñ2(k)} we
have both the previous inequalities and also

B

(
x0,

(
4

5

) 1
N 1

k

)
⊂ Dn

k , B

(
x1,

(
4

5

) 1
N 1

k

)
⊂ Ω \Dn

k .

This holds because (
4

5

) 1
N

< 1 ∀N ∈ N.

We have now three cases to distinguish between. If |Dn
k | = m then we do not have to do

anything. Assume now that |Dn
k | > m. Define rnk > 0 to be the radius such that

|B (x0, r
n
k )| = |Dn

k | −m > 0,

and define
Ank := Dn

k \B (x0, r
n
k ) .

We now want to prove that

rnk <

(
4

5

) 1
N 1

k
.

Since we know that |A| = m and∣∣∣∣A ∩B
(
x0,

1

k

)∣∣∣∣ ≥ 0,

∣∣∣∣A ∩B
(
x1,

1

k

)∣∣∣∣ ≥ 3

4

∣∣∣∣B(x1, 1k
)∣∣∣∣ ,
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we have

|Dk| = |A|+
∣∣∣∣B(x0, 1k

)
\A
∣∣∣∣− ∣∣∣∣B(x1, 1k

)
∩A

∣∣∣∣
≤ |A|+

∣∣∣∣B(x0, 1k
)∣∣∣∣− ∣∣∣∣B(x0, 1k

)
∩A

∣∣∣∣− ∣∣∣∣B(x1, 1k
)
∩A

∣∣∣∣
≤ |A|+

∣∣∣∣B(x0, 1k
)∣∣∣∣− 3

4

∣∣∣∣B(x1, 1k
)∣∣∣∣

= |A|+ 1

4

∣∣∣∣B(x0, 1k
)∣∣∣∣

= m+

∣∣∣∣∣B
(
x0,

(
1

4

) 1
N 1

k

)∣∣∣∣∣ .
Therefore, for n large enough we also get

|B (x0, r
n
k )| = |Dn

k | −m ≤

∣∣∣∣∣B
(
x0,

(
1

4

) 1
N 1

k

)∣∣∣∣∣ <
∣∣∣∣∣B
(
x0,

(
4

5

) 1
N 1

k

)∣∣∣∣∣ ,
therefore we got the estimate on rnk . This in particular implies that the set Ank is also C2, and
it follows that

|Ank | = |Dn
k | − |B (x0, r

n
k )| = |Dn

k | − |Dn
k |+m = m.

The case of |Dn
k | < m follows analogously.

Therefore we just proved that for every k we can modify the sequence of sets obtained from
Proposition 4.15 applied to Dk such that every element of the sequence satisfies the mass con-
straint. Using a diagonal argument, we can therefore obtain the desired conclusion.

Step 2: Fixing the recovery sequence. Let un be defined as in (71). In general it is not
true that this function satisfies the mass constraint, therefore we need to modify it accordingly.
Let N ≥ 2 and define

mn :=

ˆ
Ω
un(x) dx.

If, for a given n ∈ N, we have mn = m, then we are done. Let us suppose that mn ̸= m. Let us
recall the definition of Σn:

Σn := {x ∈ Ω : |dist(x,Σ)| ≤ τn},

which is the set where un(x) /∈ {a, b}.
Let x0 ∈ Ω \ Σn such that un(x) = u(x) = a(x) in a neighborhood of x0. Let now (rn)n∈N

be an infinitesimal sequence and define Bn := B(x0, rn) to be such neighborhood. Since rn ≤
dist(x0,Σn), we can modify un as follows

vn(x) :=

{
un(x) x ∈ Ω \Bn,
a(x) + cn(mn −m)

(
1− |x−x0|

rn

)
x ∈ Bn,

where cn ∈ R is to be determined by enforcing the mass constraint.
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Therefore we must have

m =

ˆ
Ω
vn(x) dx

=

ˆ
Ω\Bn

un(x) dx+

ˆ
Bn

[
a(x) + cn(mn −m)

(
1− |x− x0|

rn

)]
dx

=

ˆ
Ω
un(x) dx−

ˆ
Bn

un(x) dx+

ˆ
Bn

a(x) dx+ cn(mn −m)

ˆ
Bn

[
1− |x− x0|

rn

]
dx

= mn + cn(mn −m)NωNr
N
n

ˆ 1

0
(1− s)sN−1 ds

= mn + cn(mn −m)rNn
ωN
N + 1

,

which implies

cn = −N + 1

ωN

1

rNn
.

Therefore with this choice of cn, the function vn satisfies the mass constraint. Moreover, we also
have

|mn −m| ≤
ˆ
Ω
|un − u| dx =

ˆ
Σn

|un − u| dx ≤ |b− a|LN (Σn) ≤ CεnHN−1(Σ).

We need to check that vn still converges in L1, and that is does not change the energy in the
limit. Checking the L1 convergence is easy, since the way we chose the constant cn implies∣∣∣∣ˆ

Bn

cn(mn −m)

(
1− |x− x0|

rn

)
dx

∣∣∣∣ = |m−mn| ≤ Cεn → 0.

For the energy convergence, we need to check that

lim
n→∞

F (1)
n (vn, Bn) = 0.

Let us check first the potential energy term: we can use Assumption (H5) with f(t) ≤ tα and
α > 1 to see that ˆ

Bn

1

εn
W (x, vn(x)) dx ≤

ˆ
Bn

1

εn
|vn(x)− a(x)|α dx (88)

≤ C
rNn
εn

|cn|α|mn −m|α (89)

≤ C

(
εn
rNn

)α
. (90)

Therefore, for this term to vanish in the limit, it is enough to have

rn = εβn, 0 < β <
1

N
,

and we conclude. □

Remark 7.4. The necessary assumption on the wells, namely (H5) with f(t) ≤ |t|α for a α > 1,
implies uniform differentiability of p 7→W (x, p) for p ∈ {a(x), b(x)}.

Remark 7.5. Note that a similar procedure has been carried out in [9] for fixing the approxi-
mation, with the difference that the points x0, x1 lay on the reduced boundary. Both methods
work, but for our setting it was easier to have the points lay outside of the reduced boundary.
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Appendix A. Auxiliary results

Finally, we prove two technical results that we will need in the proof of the liminf inequality
(see Theorem 6.1).

Lemma A.1. Suppose that g : RN ×RM → [0,∞) is continuous and there exist p ∈ RN , (pn) ⊂
RN and Ln ∈ Rm×m with pn → p in RN and Ln → Idm in Rm×m. Then,

inf
r∈RM

g(pn, Lnr)
n→∞−−−→ inf

r∈RM
f(p, r).

Proof. Consider the functionals
Gn(r) := g(pn, Lnr),

G(r) := g(p, r).

Let rn → r. By continuity

Fn(rn) = f(pn, Lnrn)
n→∞−−−→ f(p, r) = F (r),

which, in particular, implies that the Γ-limit of Gn is G. By the fundamental property of
Γ-convergence, the infimum of Gn converges to the infimum of G. This concludes the proof. □

Lemma A.2. Let u ∈ BV (Ω;RM ), 0 ∈ Ju with ν0 = en, and F ⊂ (0, 1) be a set with |F | = 1.
Then, there exists a sequence {ρm} ⊂ F with ρm → 0+ such that

HN−1(Ju ∩ ∂(−ρm/2, ρm/2)) = 0,

and for the rescaled trace u|∂Qρm (x0) restricted to (−ρm/2, ρm/2)× {±ρm} we have

u(ρm·,±ρm/2) → u±(x0)

in L1((−1/2, 1/2)N−1).

Proof. Since u±(x0) are one side approximate limits we have

lim
ρ→0+

ˆ
(0,1)N

|u(ρx)− u+(x0)| dx = 0

and
lim
ρ→0+

ˆ
(−1,0)N

|u(ρx)− u−(x0)| dx = 0.

In particular, we have by Fubini’s Theorem

lim
ρ→0

ˆ 1

0

ˆ
(0,1)N

|u(ρx′, ρt)− u+(x0)| dx′ dt = 0,

where u(ρx′, ρt) agrees with the two-sided trace at ∂(0, 1)N of u that exists since

HN−1(Ju ∩ ∂(−ρ/2, ρ/2)) = 0 (91)

for all but countably many ρ > 0. In particular, for a set Eρ ⊂ (0, 1) of full measure we obtain
t ∈ Eρ

lim
ρ→0

ˆ
(0,1)N−1

|u(ρx′, ρt)− u+(x0)| dy′ = 0,

and, therefore, it follows that

lim
ρ→0

ˆ
(0,1)N−1

|u(ρtx′, ρt)− u+(x0)| dy′ = lim
ρ→0

1

tN−1

ˆ
(0,t)N−1

|u(ρx′, ρt)− u+(x0)| dy′ = 0.

Now, choose a sequence {ρ̃m} ⊂ (0, 1) with ρ̃m → 0 for which (91) holds. Then, with an
tm ∈ Eρm such that tmρm ∈ F holds, the sequence ρm := tmρ̃m satisfies the sought-after
requirements. □
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