LOW REGULARITY POTENTIALS IN HETEROGENEOUS
CAHN-HILLIARD FUNCTIONALS

RICCARDO CRISTOFERI, JAKOB DEUTSCH, LUCA PIGNATELLI

ABSTRACT. In this paper, we study the prototypical model of liquid-liquid phase separation,
the Cahn—Hilliard functional, in a highly irregular setting. Specifically, we analyze potentials
with low regularity vanishing on space-dependent wells. Under remarkably weak hypotheses,
we establish a robust compactness result. Strengthening the regularity of the wells and of
the growth of the potential close to the wells only slightly, we completely characterize the
asymptotic behavior of the associated family of functionals through a I'-convergence analysis.
As a notable technical result, we prove the existence of geodesics for a degenerate metric and
establish a uniform bound on their Euclidean length.
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1. INTRODUCTION

The Cahn—Hilliard functional is the prototypical model for liquid-liquid phase separation. It
was initially proposed by van der Waals in [27], and later independently rediscovered by Cahn
and Hilliard in [5].

We start by describing the physical situation that we are dealing with. We consider a physical
system inside a container Q C RY. We assume that the system is described by a phase (or order)
parameter u: 0 — RM. For instance, in the original derivation of the model, the system under
investigation was a mixture of two fluids. In such a case, the phase parameter represents the
density. We are interested in describing stable equilibrium configurations of the system. Using a
variational point of view, these correspond to local minimizers of the Gibbs free energy. Under
homogeneous conditions, and after a rescaling, this is given by a functional of the form

F.(u) :—/Q [iW(u(m))—i—e\Vu(ac)\z dz.
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Here, W: RM — [0,00) is the free energy density. Assuming for simplicity that the physical
system has two stable phases, modeled by a,b, € RM, we impose that the potential W vanishes
only at a and b. The second term of the functional penalizes sharp oscillations of the phase
variable. Finally, the parameter € > 0 is related to the scale of the transition region between
bulk regions where the phase variable is close to the stable phases a and b, and it is usually very
small.

The mathematical study of the functional F. was, and still is, a source of many deep and
interesting problems. In particular, here we focus on the study of its asymptotic behavior as
€ — 0. In the community of calculus of variations, such studies make use of I'-convergence,
the notion of variational convergence introduced in [11], that allows to capture the asymptotic
behavior of minimizers of the family of functionals {F.}.~0, as well as the asymptotic of the
minimal energy. A similar analysis can be performed also in the case where a mass constraint
is imposed. Namely, given m € R™ | we consider the problem

min {Fs(u) cu e HY(QRM), /Qu(:zj) dz = m} . (1)

Here, we recall some contributions, without claiming to be exhaustive. We first focus on the case
where the phase variable is scalar-valued, namely when M = 1. Gurtin (see [18]) conjectured
that in the limit as ¢ — 0, any family of minimizers of {F;}.~( converge to a piecewise constant
function that partitions €2 into two regions separated by an interface with minimal surface area.
This conjecture was proved rigorously by Carr, Gurtin, and Slemrod for N =1 (see [6]), and by
Modica (see [21]) and by Sternberg (see [26]) for N > 2 (see also [22, 23]).

The case of vector-valued wells, namely M > 1, was considered in [16] by Fonseca and Tartar.
What the author proved is a compactness result with respect to the strong L!(€; RM ) topology
for sequences of uniformly bounded energy, and that the T-limit of the sequence {F;}. is given
by

Fy(u) == o Per({u = a};Q),
for functions v € BV (€; RM) taking values only in {a,b}, and 4+oo else in L'(€2;RM). Here,
Per({u = a}; Q) denotes the perimeter of the set {u = a} in Q (see Section 3.1 for more details
on sets of finite perimeter), and the constant o > 0 is given by

1
ot [ 2/ WG Ol v € WL RN, A () =0 =0} (2

Such a quantity represents the minimal energy needed to transition from one well to the other.
An optimal profile, namely a solution to the above minimization problem, approximates the be-
havior of a solution to (1). Note that the minimization problem is a degenerate geodesic problem,
where the degeneracy comes from the fact that the weight v/ vanishes at the endpoints of the
curves. In scalar case M = 1, the change of variables s = ~y(t) gives that

b
O':/ 2/ W(s)ds, (3)

for all admissible curves.

Since it is of particular interest for the goal of this paper, we remark that in [16] the authors
assumed that the potential W behaves quadratically near the wells a and b.

There are several extensions and variants of the above mentioned results. For a more com-
prehensive overview of such literature, the reader can consult the introduction of the paper [9].

The study of non-homogeneous Cahn—Hilliard functionals initiated with the paper [3] by
Bouchitté, where the author studied the fully coupled case with two space-dependent scalar
wells. Namely, for u € H'(£2), Bouchitté considered the functional

Ge(u) = /Qg(x,u(x),EVu(x))d:r,

e
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where g : @ x R x RY — [0,00) is a continuous function with g(z,u,0) = 0 if and only if u €
{a(z),b(x)} for all x € Q, and p — g(x,u,p) is a convex function achieving its strict minimum
at p = 0, where it is also assumed to be differentiable. The space-dependent wells a,b: Q — R
are assumed to be Lipschitz continuous. The author identified the limiting functional in the
sense of I'-convergence. Since we do not want to enter into the technicalities needed in order to
treat the general case, we consider here the special case

g(x,u,p) = W(z,u) + |p|*.

In such a special case, the limiting functional writes as
Gotw) = [ olaiala). bla)) MY (o),
JuNQ2

for functions u € BV (Q) such that u(x) € {a(x),b(z)} for a.e. x € Q, and +oo else in L}(Q).
Here, J,, denotes the jump set of the function u (see Section 3.1) for all z € 2, and p,q € RM,

we set
o(x;p,q) ::/ 2/ W (z,s)ds. (4)

Roughly speaking, the limiting energy density is space-dependent, and is given, at any fixed

point z € Q by the same degenerate geodesic problem (3) where the space variable is frozen.
Then, in [8] the first author together with Gravina considered the case of multiple vector-

valued wells for the uncoupled functional. Namely, the authors considered the functional

H.(u) ::/Q [iW(m,u(z))%—qu(x)P dz,

for v € HY(Q;RM), where W(x,u) = 0 if and only if u € {z1(z),...,2x(x)} for all 2 € Q.
Being the first result in that direction for vector-valued wells, strong assumptions were needed.
Indeed, the wells 21, . . ., z;: © — RM were required to be Lipschitz continuous, and the potential
W:Q xRM — [0,00) to be Lipschitz continuous in the first variable, and of class C? in the
second. Moreover, it was assumed that the potential was ezxactly quadratic near the wells. In
such a case, the authors proved a compactness result, and a I'-convergence result with respect
to the strong L'(Q; RM) topology. In particular, it holds that the limiting functional is given by

Hoy(u) ::/ o(z;a(z),b(x)) dHN1(x), (5)
JuN
where
1
o(x;p, q) = inf {/1 2/ W (z, () ()] dt: v € WH([=1,1[;RM), 4(=1) = p,7(1) = q}
(6)

Note that this is the same problem as in (2) where the space variable is frozen, similarly to
what happens with (4) and (3). The latter assumption has been weakened in the paper 7] by
the first author, Ganedi and Fonseca, by requiring the potential to be controlled from above
and from below by two quadratic functions near the wells. Moreover, the authors were able to
also consider the case where the wells and the potential are discontinuous on the boundary of a
polyhedral partition of the domain €.

We would like to remark that, in the case of scalar-valued wells, like in [3], there is no need
to assume any particular behavior of the potential near the wells. The technical reason is that
the optimal profile at a point = will be a suitable reparametrization of the interval [a(x), b(z)].
In particular, using the continuity of the wells, the length of all of these intervals is uniformly
bounded from above. On the other hand, in the vector-valued case, the optimal profile is a
curve solving the minimization problem in (2). In such a case, the behavior of the potential
W around the wells is essential to ensure that such a curve has an Fuclidean length that is
uniformly bounded from above. This requirement is needed in order to prove the I'-convergence
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result. This is the main difference from the technical point of view between the scalar and the
vector-valued case.

The goal of the paper is to prove that it is possible to significantly weaken the requirements
on the regularity of the potential and on its behavior close to the wells and still be able to obtain
compactness and the I'-limit result.

In particular, we consider the functional

Folw) ::/QEW(:U,u(:E))—I—qu(x)P dr,

where, for each = € Q, the function u — W (x, u) vanishes at {a(z), b(z)} for functions a,b: Q@ —
RM . We prove that compactness holds under extremely weak assumptions (see (H1)-(H5)): we
consider a Carathéodory potential with mild bounds close to the wells and at least linear growth
at infinity, and bounded wells of bounded variation (see Theorem 2.16). We are able to obtain
such a result by exploiting the theory of Young measures, and by carefully using the chain rule
for functions of bounded variation.

The T'-convergence result (see Theorem 2.17) requires strengthening these assumptions. In-
deed, we consider wells that are allowed to jump on a piecewise C? partition of the domain
Q, and that are of class H' N CY inside each set of such a partition (see (H6)). The potential
is assumed to also satisfies a relative continuity condition (see (H7)) and a more quantitative
control close to the wells (see (H8)). This set of assumptions is extremely weak compared to the
one used in the literature.

Under these assumptions, we are able to prove that the limiting energy is given by (5),
where the limiting surface energy density is given by (6). The proof of the I'-convergence result
requires to face non-trivial technical challenges. On the one hand, we need to prove a uniform
bound on the Euclidean length of geodesics of a class of degenerate metrics under very weak
assumptions on the metric (see Theorem 4.8). Moreover, we are able to prove that such a bound
on the Euclidean length of geodesics fails if our assumptions are not satisfied (see Example 4.10).
Finally, in the liminf inequality, we need to freeze the first variable of the potential. This is done
by introducing a suitable adjustment of the potential (see (7)), which allows us to work as if
the wells were not space-dependent, but only the potential is. Finally, the construction of the
optimal profile requires multiple careful estimates of energies related to changing the optimal
profile from point to point.

We also show that the strategies we implement are solid enough to also cover the case where
a mass constraint is imposed (see Theorem 2.20).

It is the goal of several forthcoming papers to investigate the case where the wells enjoy even
lower regularity assumptions.

2. ASSUMPTIONS AND MAIN RESULTS

In this section we collect all the several assumptions we used in establishing the results of
the manuscript. We will comment each of them, highlighting the reason why we require it, the
comparison with similar assumptions in previous works in the literature, and the possibility to
weaken it.

Let Q Cc RY, where N > 1, be an open bounded set with Lipschitz boundary. Consider a
function W: Q@ x RM — [0,00), with M > 1, satisfying the following assumptions:

(H1) W is a Carathéodory function;
(H2) There exist functions a,b € BV (Q;RM) N L>°(Q; RM) such that

W(x,u) =0 if and only if w € {a(x),b(x)},

for a.e. x €
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(H3) There exists 6 > 0 such that
la(z) — b(z)| = 0,
for a.e. x €
(H4) There exist a continuous non-decreasing function f: [0,00) — [0,00) with f(t) = 0 if
and only if ¢ = 0, and C'; > 0 such that
1 . .
o, 1 tmindju = a(@)], [u = b(@)[}) < W(z,u) < Crf (min{lu = a(@)], [u = b@)]}).
for a.e. z € Q, and all u € RM:
(H5) There exists Cy > 0 such that

W(x,u) >

|ul,

[
for a.e. x € Q and all u € RM with |u| > Cs.

We refer to the above assumptions as the structural assumptions on the potential WW.

Remark 2.1. The continuity of the potential W in the second variable is needed in order to make
the composition = + W (x,u(z)) measurable for functions u € H'(;RM). It can be relaxed to
Borel measurable in the second variable. Nevertheless, note that for the Gamma-convergence
result (see Theorem 2.17) we will need the potential to be piecewise continuous.

Remark 2.2. We decided to work with only two wells just for simplicity of notation and in order
to focus on the main novel ideas of the manuscript. The extension to multiple wells requires a
careful definition of the adjustment (see (7)) and a strong approximation result. These extensions
will be treated in a forthcoming paper.

Remark 2.3. The assumption that the wells are in L>(Q;RM) is required in order to have
(H5). Indeed, consider the case where a,b € BV (€; RM)\ L>(€; RM), and the potential is given
by

W (z,u) = min{|u — a(z)|?, |u — b(z)|*}.
Then, it is not possible to find Cy > 0 such that (H5) holds uniformly for a.e. = € .

Remark 2.4. Assumption (H3) on the separation of wells is used for technical convenience.
Indeed, by using techniques similar to those of [3] and [8], it is possible to extend our results,
mutatis mutandis, to the case where (H3) is dropped. Note that, in our case, we also consider
the case where the wells are allowed to jump. Therefore, a bit of care will be needed in order to
characterize the space where the limiting energy is finite.

Remark 2.5. Condition (H4) is a mild assumption that ensures non-degeneracy of the potential
W. The lower bound is essentially needed in order to ensure compactness (see Theorem 2.16).
The bounds are needed in order to ensure that geodesics of the optimal profile problem have
uniform Euclidean length (see Lemma 4.3). This result is essential in the construction of the
recovery sequence, but it is not used in the liminf inequality.

Remark 2.6. The linear growth at infinity, namely (H5), is a standard condition in the lit-
erature, and it is required to get compactness as well as a uniform L*° bound on the optimal
profiles. It goes back to the work [16] by Fonseca and Tartar. In case a mass constraint is
imposed, Leoni showed in [19] that this growth at infinity can be relaxed to a non-degeneracy
of the potential at infinity.

The above set of assumptions will be the ones that we will need in order to establish the
compactness result (see Theorem 2.16). We now introduce what we will refer to as the regularity
assumptions on the wells and on the potential. These will be needed in establishing the I'-
convergence result (see Theorem 2.17). First, we restrict our attention to a specific subclass of
wells and potentials, where their jumps as well as their regularity are controlled.
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Here, we use the terminology that the boundary of a set is piecewise C? to mean that it is
contained in a finite union of C? hypersurfaces.

(H6) There exists an open partition €, ..., of Q, where each 9Q; N is piecewise C2, such

that .
W(x,u) =Y Wiz, u)lo,(2),
=1
k k
a(z) =) ai(z)lo,(x), b(z) =Y bi(x)1lg, (@),
i=1 =1

where W; € C°(Q x RM) and a;,b; € WH2(Q; RM) N0 OO (Q; RM).

Next, we introduce a relative continuity condition on the potential. We define the adjustment
T:QxRM 5 RM as

T(x,w) = + (b(z) — a(z),v(x)) - w, (7)

where v(z) € RM x RM~1 is such that

(i) For each x € 2, the matrix

is orthonormal;
(ii) The map = — v(z) has the same regularity of the wells a and b.

The raison d’étre of the map T is the following: the adjusted potential
(2, 4) > W (2, T(, 0))

is such that W(z,T(z,u)) = 0 if and only if u € {£e;} for all z € Q. This follows directly from
the fact that T'(x,—e;1) = a(z) and T'(x,e1) = b(x). Namely, the adjustment 7' allows us to
reduce to the case of fixed wells.

We are now in a position to state our next assumption.

(H7) There exists a non-decreasing modulus of continuity w: [0, 00) — [0,00) such that
(W, T(2,u)) = W(y,T(y,uw))| < w(lz —y)W(z, T(z,u)),
for all z,y € Q and v € RM.
Remark 2.7. In the rest of the paper, we will assume, for simplicity, that
a(x) = —b(x)

for a.e. z € . Note that, in this case, assumption (H3) writes as

la(z)] =

Y

N O

for a.e. x € Q. For the simplicity of notation, we will write the right-hand side as §. Moreover,
denoting at = v/2 (cf. (7)) we will use the simplified adjustment

To(w) = T(z,w) = (a(x), a(z)") - w,
for each w € R™. Note that we can write
To(w) = la(z)|Ra(z),
where, for each x € , the map Ry(z) : RM — RM is orthonormal. In this case, since a; €

WH2(Q; RM) 0 CO(; RM), therefore bounded, and R, is orthonormal, it follows that

_ 41
IVTallze < CillVaill, < Co [ Talloo = llaile <€, T3 oo = llaills < 5 ®
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Remark 2.8. Condition (H7) has been used in similar investigations on models for phase
transition (see, for instance [15]). Its main role is to allow us to freeze the potential at a given
point, with an error proportional to the potential itself. We note that in our case we need to
compose the potential with the map T because we consider the case of moving wells. Otherwise,
the condition

(W(z,u) = W(y,u)| < w(lz—y)W(z,u),
for all z,y € Q and v € RM | would imply that the functions a and b are constant.

Despite its technical nature, we want to show that assumption (H7) is satisfied by several
classes of potentials of interest. Here, we present some of them.

Example 2.9. The first example that we consider is the prototypical case of the potential for
the Cahn-Hillard functional with moving wells. Let W: Q x R — [0, 00) be defined as

W(z,u) = (u* — a*(2))?,

where a € C%([—1,1]), with a(x) > § for all € [~1,1]. Then, it holds that

T(z,u) = a(x)u.
Therefore, we have that

Wz, T(z,u)) = a*(z)(u® — 1)
We now check that (H7) holds:
W (2, T(x,u)) = Wy, T(y,u))| = |a*(z) — a’(y)|(u® — 1)
< &z —y[)(u® ~1)°
)

< (|x54_ d min{a*(z), a*(y)} (u? — 1)
— ‘Wmin{W(:c,T(:c,u)),W(y,T(y,u))},

where @: [0,00) — [0, 00) is the modulus of continuity of the function z +— a*(z).
Next, we generalize the above to a similar class of potentials.
Example 2.10. Let g € [1,00). Define the potential W: Q x RM — [0, c0) as
W(z,u) = min{|u — a(x)|?, |u + a(z)|?},

where a € C(Q; RM) with |a(z)| > 6, for all € . Then, we have that

W(z,T(z,u)) = |a(x)|? min{|u — e1|?, |u + e1]|?}.
Therefore, using similar computations as above, we have that

(W2, T(2,u)) = W(y, T(y,uw))| < *w(lﬂf — y) min{W (2, T(z,w)), W(y, T(y,u))},

where w: [0,00) — [0,00) is the modulus of continuity of the function x — |a|?(z).

Next, we show that assumption (H7) is verified even by potentials with very low regularity.

Example 2.11. Let V: R™ — [0,00) be a Borel function, and let a: @ — RM be a Borel
function. Set b := —a. Define W: Q x RM — [0, 00) as

W(z,u) =V (T(x,u)"1),

where for each € Q, the map T'(z,-)~! is the inverse of the map defined in (7). Then, W
satisfies assumption (H7), since

Wz, T(x,u)) = W(y,T(y,u))| =0

for all z, € Q and all u € RM. Note that, in order for W to satisfy assumption (H1), we need
V to be continuous.
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Finally, we introduce a very mild condition on the function controlling the growth around the
wells. This will be needed in order to ensure that the geodesics of the limiting distance function
have uniformly bounded Euclidean length (see Theorem 4.8).

(H8) There exists C3 > 0 such that

f(2t) < C3f(1),
for all t > 0, where f: [0,00) — [0,00) is the function given by (H4).

Remark 2.12. We would like to stress that this assumption is very mild. Indeed, in previous
works, stronger conditions were imposed in order to have a uniform bound on the Euclidean
length of certain geodesic problems. In [8] it was required that the potential behaves as a
quadratic function close to the wells, while in [7], that it is controlled by quadratic functions
from above and from below close to the wells.

In particular, note that our assumption also covers the case where the potential W is concave

near the wells, that was excluded by the assumptions in the literature. Indeed, for any a > 0,
the function f(t) := t* satisfies assumption (H8).

Finally, we introduce the family of functionals that we consider.

Definition 2.13. For £ > 0, we define the functional F.: L'(Q;RM) — [0, +o0] as

1
Fe(u) ::/ LW(x,u(x)) + | Vu(x)|?| dz,
Q
for u € HY(;RM), and +o0 else in L'(; RM).

Definition 2.14. We define the space BV (Q; {a,b}) as the space of functions u € BV (€;RM)
such that u(x) € {a(z),b(x)} for a.e. z € .

Definition 2.15. We denote the geodesic distance
dw (2;p, q) = inf {/_11 2/ W (2, A(O)Y (1)) v € WH([=1,1;RM), 4(=1) = p,¥(1) = q} :
for all z € Q and all p, g € RM. Moreover, we set the functional Fo, : L'(Q; RM) — [0, +00] as
Folt) = [ dwlai (@) @) a1 @),

for u € BV (Q; {a,b}), and +oc else in L' (; RM). Here, J, denotes the jump set of the function
u, u~ and u™ the two traces of u (see Section 3.1 for more details).

We are now in position to state the first two main results of the manuscript. We start with
the compactness result, that holds under very mild assumptions on the potential and on the
wells.

Theorem 2.16. Assume (H1)-(H5) hold. Let {e,}, be an infinitesimal sequence. Let {up}, C
HY(Q;RM) be such that

sup Fz,, (un) < 400.
neN

Then, there exists a subsequence (not relabeled) such that u, — u strongly in L*(Q;RM), for
some u € BV (€;{a,b}).

We are now in position to state the I'-convergence result.

Theorem 2.17. Assume (H1)-(HS8) hold. Let {e,}n be an infinitesimal sequence. Then, the
sequence of functionals {F., }n T-converges to Foo with respect to the L'(Q; RM) topology.
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In particular, the liminf and the limsup inequalities will be given by Theorem 6.1 and Theorem
7.1, respectively. We would like to remark here that we are able to prove the liminf inequality
under a weaker assumption on the regularity of the partition of €.

The construction of the recovery sequence we will provide in Theorem 7.1 can be easily
adapted to also cover the case where a mass constraint is imposed.

Definition 2.18. For ¢ > 0 and m € RM | we define the functional F™: L'(Q; RM) — [0, +o0]
as

1 2 : uvdr =m
[ 2wt +elvawp| ar wem@rt, [udo=m,

F'(u) =

400 otherwise.

Definition 2.19. For m € R we define the functional F: L(Q;RM) — [0, +00] as

() = /J . dw (2™ (), u™ (2)) dHY () u € BV(©;{a,b}), / udz =m,

F Q

o
+o00 otherwise.

In this case, our main results are stated as follows.

Theorem 2.20. Assume (H1)-(H8) hold, with the function f from (H5) satisfying f(t) < |t|*
with o > 1 close to the wells. Let {ey,}, be an infinitesimal sequence. Then, the following hold:

(1) If {un}n € HY(Q;RM) is such that

sup o (un) < oo,
n

then, up to a subsequence, we have that w, — u in L', with u € BV (Q; {a,b}).
(2) The sequence of functionals {F" }n I'-converges to FZ} with respect to the L' topology.

The proof of the recovery sequence for the mass constrained functional requires a slight mod-
ification of the proof of Theorem 7.1, by using a similar strategy to that employed in the proof
of [9, Theorem 15| and will be discussed at the end of Section 7.

3. PRELIMINARIES

In this section, we collect some definitions and tools used throughout this paper.

3.1. Functions of bounded variation and sets of finite perimeter. We recall some basic
definitions and facts about functions of bounded variation and sets of finite perimeter. We refer
to [1] for more details.

Definition 3.1 (Functions of bounded variation). Let u € L'(;RM). We say that u has
bounded variation in €2, denoted by u € BV (;RM), if its distributional derivative Du is a
matrix-valued Radon measure on ). In particular, its variation in €, denoted by |Dul|(Q), is
equal to

M
|Du|(©) = sup {Z /Q wpdivig; da: € (RN, gl < 1} . (9)
=1

This can also be denoted by V' (u, Q).

Definition 3.2 (Jump set). Let v € L'(Q;RM™). We define the jump set of u, denoted by J,,
as the set of points where there exist finite one-sided Lebesgue limits. In particular, for each
x € J, there exists distinct vectors a,b € RM and a normal v € S¥~! such that

1

1
lim / u(y) —al dy =0, lim / u(y) — b| dy =0, 10
Jim, 5 B+($W)| (y) —al Jim, 5 Bf(wﬁy)l (y) — bl (10)
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where BT (x, p,v) and B~ (z, p,v) are defined as
B (x,p,v)={y € Blx,p): (y —x) v >0}, B (x,p,v)={y € Blx,p): (y— ) v <0}
If x € Jy, we denote (a,b,v) as (ut(x),u™(x), v (z)).

Theorem 3.3 (Decomposition of distributional derivative). The jump set J, of a function
U € BV(Q;RM) is countably HN "1 -rectifiable. Moreover,

Du=Vul + @ut —u)@v,HN LI, + Du, (11)
where D denotes the Cantor part of the distributional derivative.

Theorem 3.4 (Chain rule in BV). Let u € BV(Q;RM), and let f : RM — R¥ be a Lipschitz
continuous function. Then v = f ou belongs to BV (; R¥) and

Dv =Vfu)Vulh + (f(uh) — f(u)) @ vu HY 1L J, + Vf (%) D u,
where u s the precise representative of u, defined everywhere except on J,,.

Definition 3.5 (Variation along a direction). Let u € L'(; RM) and v € S¥~!. We define the
total variation of u along the direction v as

M
dp;
Vy(u, Q) = sup{Z/Qui ai da : o € CP(URM*N) o]l < 1}.
i=1

Given now v € SV!, we denote by 7, the hyperplane orthogonal to v, and by Q¥ the
projection of 2 onto m,. Now, for any y € Q¥ we define a slice of 2 as

Qy ={teR:y+treQ}.

QV

Yo

FIGURE 1. Example of slicing.

Analogously, for u: Q@ — RM | for any y € Q¥ we define a slice of u as

Uyt Sy — RM uy (t) = u(y + tv).

Theorem 3.6 (Characterization of BV by sections). Let u € L'(Q;RM) and v € SN=1. Then
Vi (u, Q) :/ V(uy, Q) dy. (12)

Moreover, u € BV (§; RM) if and only if there exist N linearly independent unit vectors vy, .., vn
such that u, € BV (Q7;RM) for HN"l-a.e. y € Q% and

/ Vi, Q) dy<oo  Vj=1,...,N. (13)
(94}
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We focus now on the functions of bounded variations which are characteristic functions of
sets.

Definition 3.7 (Finite perimeter set). Let E C Q. We say that E has finite perimeter in €
if its characteristic function 1g: 2 — {0,1} has bounded variation on . Equivalently, we can
say E has finite perimeter in € if

Per(E; Q) := sup {/ dive dz : ¢ € CP(QRY), [l@llee < 1} < +o00.
E
Definition 3.8 (Reduced boundary). Let £ C  be a set of finite perimeter. We define its
reduced boundary O*F as the subset of OF for which the limit

vi() = — lim 2LEB@T)
r—0+ |D1g|(B(x,7))’

exists and it is such that |vg(x)| = 1. The vector vg(z) is called measure theoretic exterior
normal to E.

Theorem 3.9 (De Giorgi’s structure theorem). Let E C Q) be a set of finite perimeter. Then
O*E is countably HN ~'-rectifiable and

Per(E;Q) = HYN"HO*EN Q). (14)
Moreover, for xg € O*E and r > 0, by defining the blow-up set E, and the half-plane H as
ET::E;:UO, H:={zecR" :z vg(x) >0}
we get that
Bl inIb () o OEN0QE)

r—0+ riN-1
We conclude this subsection by stating the coarea formula for (N — 1)-rectifiable sets in RV,
suitably modified for our setting. We refer to [1, Theorem 2.93| for the general result.

Theorem 3.10 (Coarea). Let E C RN be a countably HN-rectifiable set. Let f: E — R be a
Lipschitz continuous function, and let g : E — [0,400] be a Borel function. Then

/g(x)\VEf(w)\ dHN " (x) =/ </ 9(y) d”HNZ(y)> dt, (15)
E R \JEN{f=t}

where VE f(x) represents the tangential gradient of f with respect to the approvimate tangent
space T, E.

Finally, we recall that sets of finite perimeter can be approximated strongly thanks to a result
proved by de Gromard in [12].

Theorem 3.11. Let A C RM be an open set, and let E C A be a set of finite perimeter in A.
Then, for each € > 0 there exist a set ' C A of finite perimeter in A, and a compact set C' C A
such that the following holds:

(i) OF N A is contained in a finite union of C hypersurfaces;
(i) |1g — 1r|lBy(a) <e&;

(iii) HN"HOF N A\ 0*F) < ¢;

(iv) F C E+ B(0,e), and D\ F C (A\ E)+ B(0,¢);
(v) C C ANO*ENJF;

(vi) vp(z) =vp(x) for all z € C;

(vii) |[D1g|(D\ C) <e.
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3.2. I'-convergence. This section provides a brief overview of the definition and fundamental
properties of I'-convergence. Given the setting of this paper, we define I'-convergence using
sequences. For a comprehensive treatment of I'-convergence in general topological spaces, we
refer the reader to [10] (see also [4]).

Definition 3.12. Let (X, d) be a metric space. A sequence of functionals F;, : X — [—00, +00]
is said to I'-converge to a functional F' : X — [—o00, +o0] with respect to the metric d, denoted

by F, g , if the following two conditions are satisfied:

(i) (Liminf inequality) For every € X and for every sequence {z,}, C X converging to z,
the following inequality holds:

F(x) < hH_l}inf Fy(xy).

(ii) (Limsup inequality) For every z € X, there exists a sequence {zp}, C X such that
T, — 2 and

limsup Fy,(z,) < F(x).
n—oo
The concept of I'-convergence was specifically developed to provide a variational characteri-
zation of the asymptotic behavior of minimization problems. It ensures the convergence of both
global minimizers and minimum values (refer to [10, Corollary 7.20]).

Theorem 3.13. Let (X,d) be a metric space. Consider a sequence of functionals F,, : X —
R U {oco} that T'-converges to a functional F' : X — R U {oo}. Suppose that for each n € N,
xn € X is a minimizer of F,. Then, any cluster point x € X of the sequence {xn}, is a
minimizer of F', and satisfies

F(x) = limsup F,(zy).

n—oo

Moreover, if the sequence {x,}, converges to x, the limsup above is a full limit.

3.3. Young measures. Young measures are an important tool in the theory of calculus of
variations. Here, we recap the definitions and the compactness property that we use. For a
more general introduction to Young measures, we refer to [25].

Definition 3.14. Let Q C RY open. We call a family of probability measures {v; },cq C P(RM)
a Young measure if

o (r+— v,) is weakly* measurable,

e we have
// p| va(p) dz < 0.
Q JRM

Here, we are interested in Young measures generated by L' functions.

Definition 3.15. Let Q@ C RY open. We say that a Young measure {v,},cq is generated
by a sequence of {uy}, C L'(Q;RM) functions if {d,(;) }zeq converges weakly* to {v;}zeq in
L5 (9 Mp(RM)).

One of the features of Young measures are the compactness properties. More specifically, we
will use the following result (cf. [25, Lemma 4.3]:

Theorem 3.16. Let Q C RY open. Let {u,} be an bounded sequence in L'(Q;RM). Then,
there exists a Young measure v such that u, generates v (after extracting a subsequence). Fur-
thermore, if {f(-,un(-))}nen C LY(Q;R) is a bounded and equiintegrable sequence in L'(£;R)
for a Carathéodory function f: Q x RM — R then

[ s menan s [ [ jpdn)a.
Q Q JRM
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4. TECHNICAL RESULTS

In this section we collect the technical results needed to prove the main result of the manu-
script. We decided to present them in here because they are also of a separate interest for the
reader.

4.1. Properties of the geodesic distance. In this subsection, we discuss properties of the
geodesic distance. More precisely, given a non-negative Borel function Wy : RM — [0,00) we
associate to Wy a geodesic distance via

1
dw, (p, q) = inf{/_l Wo(p)|¢|ds : o € WhH! ([—171];RM)},

for all p,q € RM. The typical choice of Wy in the case of phase transitions is Wy = 2v/W where
W is the double-well potential of the Cahn—Hilliard functional. If Wy is such that Wy > § > 0,
lower semi-continuous and coercive, then it is easy to see that the infimum is in fact a minimum
and that the corresponding geodesics have bounded path length. If we allow Wy to be 0 at
certain points this does not hold in general. Even if there exist geodesics, their path length
does not necessarily have to be bounded (see Example 4.10). The main result of this subsection
provides a general condition for this to hold true. The setting we assume throughout the section
is the existence of a continuous function f: [0,00) — [0,00) with f(0) =0 and f > 0 on (0, 00)
such that certain growth conditions hold true. In what follows, a,b € RM are always fixed single
pointed wells of our potential, i.e., we assume

{Wo =0} ={a,b}.
We introduce a few different growth conditions:
(G1) Controlled upper growth: There exists a constant C¢ > 0 such that
Wolu) < Cof (min{lu - al, |u - b]}),

for all u € RM.
(G2) Summable growth around the wells: There exist «, R, C > 0 such that f fulfils
(a) f is non-decreasing in [0, R];
(b) f(2t) < Cqaf(t) for all t € [0,00);
(c) for all u € Br(a) U Br(b) it holds that

- min{Ju = al, = bl}) < Wo(u) < Cofmin{lu— al,[u ]}
G

(G3) Non-summable growth at co: We have

A“ﬂwa:a»

and there exists a constant Cg > 0 such that

&mwsmm,

for all u € RM.
(G4) Strong non-summable growth at oo: There exist «, R > 0 such that

f(t) > a

for t > R, and there exists a constant Cg > 0 such that

&mw—%s%w,

for all u € RM.
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To simplify the notation in the proofs, we assume
f(1) <1/2, a=R=1, la —b] = 2.
We start the discussion with the following elementary lemma.

Lemma 4.1. Let p,q € R?, with polar coordinates p = rpewl’, q= rqewq with ¥y, g € [0,2m)
and pq,rq > 0. Consider r(s) := srg + (1 — s)rp and ¥(s) = s1pg + (1 — s)1b, and set

v(s) = r(s)e™®).
Then,
1
/0 Y[ ds < |rp — rq| + 2 max{ry, rq}.
Proof. Let us consider the situation graphically.

b

We directly compute:

1 1
/ | ds < / Irp — ql + Ir(5) (6 — )] ds.
0 0

From which we get the required bound. O

In 28] it has been proved that if Wy is continuous, then the minimization problem defining
dw, (p, q) admits a solution for all p,q € RM. Since minimizers might not exist if Wy is only
Borel, we use the concept of e-minimizers.

Definition 4.2. Let ¢ > 0. A curve ¢ € WHi([—1,1];RM) is called an e-minimizer with respect
to the geodesic distance dy (¢(—1), (1)) if

1
/ Wol@)leds < g (o1, (1) +=. (16)

Since the left-hand side is invariant under reparameterization we will also call any curve ¥ €
Whi([e,d]; RM) an e-minimizer if there exists a reparameterization to a curve ¢ € WH1([—1,1]; RM)
such that (16) holds.

Before stating the main result of this subsection, we want to recap some well-known properties
of the geodesic distance and its e-minimizers. We give some proofs for convenience of the reader.

Lemma 4.3. Let Wy : RM — [0, 00) be a locally bounded Borel function, and let € > 0. Suppose
that o € WH([—1,1],RM) is such that

1
/_1 WO(SO)’SO,! ds < dw,(p(—1),p(1)) +&.

Then,
to

t Wo(p)l¢'| ds < dwy (@(t1), p(t2)) + €

for all t; <ty € [-1,1].
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Proof. Suppose that there exist ¢1,ty € [—1,1] with ¢; < t9 such that
to

Wo(p)l#'|ds > dwq ((t), @(t2)) + .

t1
This directly implies

1 t1 t2 1
/1Wo(s0)!so’!ds— Wole)le'lds+ [ Wole)l¢'|ds+ [ Wole)le'|ds

—1 t1 to

> dWo (30(_1)7 ‘p(tl)) + (dWO (@(tl)a SD(tQ)) + ‘5) + dWo (SD(tZ)a 90(1))
> dWo (80(_1)7 (p(l)) te.

This would contradict that ¢ was an e-minimizer with respect to dw (¢(—1),¢(1)). O

The next lemma states that even if the function W)y is not continuous, the corresponding
geodesic distance is still Lipschitz continuous.

Lemma 4.4. Suppose that Wy : RM — [0, 00) is a locally bounded Borel function. Then, dw,
1s locally Lipschitz.

Moreover, for any bounded convex set K C RM the Lipschitz constant Ly is bounded by
[Woll oo (xc)

In particular, if (G1) holds there exists a constant C > 0 (only dependent on |a|, |b|, f and Cq)
such that for any ball B,(0) we have

The proof can be found, for instance, in [13, Lemma 2.7]. It well-known that e-minimizers
with respect to the geodesic distance are uniformly bounded if the potential is coercive. Here,
we show that, in fact, the weaker condition of a non-summable growth condition at co suffices.

Lemma 4.5. Suppose that Wy : RM — [0,00) is a locally bounded Borel function, and (G3)
holds. Moreover, let € € (0,1) and r > 0. Then, there exists a constant K > 0 (only dependent
on |al, |b|, v, f and Cg) such that for any p,q € B,(0) and any e-minimizer ¢ with respect to
dw, (P, q) we have

el Loo ((—1,1:mM) < K.
Proof. By (G3) there exist a partition r < tg < ... < t,, such that

Z min  f(¢)(t; — ti— 1)>209< max {dWO(p, )}+1) (17)

tE tz 1,8 2,9€ B (0
We argue by contradiction: Suppose that there exist p, ¢ € B,(0) such that

el oo (=1, mY) >

for an e-minimizer ¢ of dw,(p,q). Then, there exist sp < ... < s, such that f(s;) = t; for
i =0,..,n. In particular, we have

/ Wol(p \w\ds>z )l¢'| ds

=1 Si—1

> —Z min f t —tifl)

te[tz 17t1

> max {du () + 1)

p,q€ B (0)
> dWO( D, q )—l—E.

This contradicts ¢ being an e-minimizer. (]
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Remark 4.6. The constant in Lemma 4.4 can be made explicit in the following sense. Since f
is positive in (0, 00), the function

T
Ft) = / () dt

is non-decreasing and admits a continuous, non-decreasing left inverse G: (0,00) — (r,00). In
particular, we have

F() =3 max (.00} +1)
p.q€Br(0)
which we can express via the left inverse as

k=0 (s me (doin +1)). w

p,q€B-(0

This has the following consequence: if (G1) and (G4) hold, repeating the proof of Lemma
4.5 with f = X[R,00)® We obtain that the resulting K is then just an affine combination of R
(from (G4)) and f(r). Indeed, this can also be derived by choosing the partition t) = R and
t1=K:=R+C(1+ f(r)) in (17) for a suitable large constant C' > 0. In particular, we have

K <C(1+R+ f(r))
where C' is only dependent on |a|, |b], Cg and «a.

Remark 4.7. A consequence of Remark 4.6 is the following. Let f,g € C(]0,0),[0,00)) with
f < g both satisfying (G3), in the sense that they fulfill the non-summability condition at co.
Then, Lemma 4.5 now gives constants Ky and K,. By (18), we can directly see that we can
choose the constants such that Ky < K, holds.

Next, we will observe that there exists a minimising sequence of curves ,, for the geodesic
distance which has bounded path-length.

Theorem 4.8. Suppose that Wy fulfils (G1), (G2) and (G3). Let r > 0 and let p,q € B,(0).
Then, there exists a sequence {pm }m C WHL([—1,1);RM) with p(—1) = p, p(1) = q and

1
1
[ Walemlgilds < dug(p.a) + Ci

such that

1
/l\soinldsSC(1+f(|pD!p\+f(\q!)|q!)7 (19)

with a constant C > 0 only depending on |a|, |b|, r and Cq. If, in addition, (G4) holds, then C
is only dependent on |a|, |b], @, R and Cg, but independent of r.

As a consequence, the infimization problem defining dw,(p,q) admits a solution if Wy is
lower-semicontinuous.

Proof. We divide the proof in steps.
Step 0: The setup. Let {¢;,}m be a sequence such that

1 o dw,(a,b
/ Wo(m) || ds < dw, (P, @) + Wgz(m)
-1

for every m € N. Define the following sets for £k € N and § > O:

0 )
1.k ._ M .

5 5
TQ’k:—{uERM:Qk_Hglu—bg}.
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q
62,m
UkZm Tl’k
<p7VL
Ukzm TQ}k
FIGURE 2. The substitution of ¢, in Theorem 4.8.
Forl=1,2 set
th :=inf (¢p) " U Tk and  t} := sup (§p) ! U Thk

k>m k>m

Here we point out that these values need not be well-defined if &, does not pass through the
corresponding regions. In what follows, without loss of generality, we assume that those values
are well-defined since the analysis in the other cases is carried out analogously. By the local
optimality of e-minimizers for the geodesic distance (cf. Lemma 4.3), we know that for any
Pyt € [—1,1] with g (r) € By(a) and @y (t) € Bs(b)

/ WO |(pm’ds

for some modulus of continuity w. In particular, for small § > 0, we get

dw(a, b)

< dWO (a b) + w(é) + 92m

t
5
[ Wo(@nl@ilds| < Saw(a.t) < 3aw (a,b)

This implies

sup (@m) ™! (Bs(a)) < inf (@) " (Bs(b))
or

sup (@m) ' (B5(b)) < inf ()~ (Bs(a)).
We assume that we are in the first case. The idea of our strategy is the following. In this case,
we immediately infer 1 < ¢ for a fixed small § > 0 (independent of m) (cf. [13, Lemma 2.8]).
Now, in what follows, we will substitute ¢, with a straight path in (J.,,, TH* . This substitution
increases the path length and the length with respect to Wy only by a negligible amount. Then,

we estimate the path length of @,, in each TH* separately by finding a suitable competitor for
the geodesic distance in this set. Lastly, we estimate the path length of the remaining curve.

Step 1: Substituting ¢,, around the wells. Consider the curve
Orm  inconv (@) (Upsm TF) )
Pm = b, inconv ((ﬁm)’l(UkZmTQ’k) ,

Pm otherwise,

where conv(A) denotes the convex hull of a set A ¢ RM and 01,m, 02.m are defined as follows.
Write @, (¢ (1)) = P +a and $,(t}) = Py +a with P, P, € RM. Now, define 61,m as the straight
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line from P; to P

th—t t—th
917m(t) = P, + 0 P+ a.
-t th—t}

Analogously, we define 63 ,,. Notice now that by (G2)

1
tl

0 C
WO(el,m)Wi,m‘ ds < Cf (m) |P1 — PQ’ < Py
th 2 2

where we used |P; — P2| < (1/2)™ ! and f(1) < 1/2 in the last line. Similarly, we infer
t1 C
Wi (62,0 ] s < o
ts 2

In particular, this substitution only increases the length with respect to Wy by a small amount,
which means that for large m these are 1/2-minimizers of the geodesic distance. Applying
Lemma 4.5, we get a constant K > 0 such that

[omllLe < K. (20)

We now want to estimate the path length of ¢, in the interval [—1, t(l)]. Assume t} > —1, other-
wise there is nothing to estimate. Now, we define inductively a decreasing sequence g, S1, .., Sm
the following way: Set

S0 1= t(l),
and, for k=1,..,m
Sk 1= iﬁ(@m)_l(Tl’m_k) N[=1, sk-1].

Notice that these values need not be well defined for all k. Indeed, we denote the last index
where it is well defined with ky. Notice that s;, = —1 has to hold if kg < m.

Step 2: Estimating the path length of ‘Pm’[sHhSk]' Notice first, that by construction
and by (G2)

- )
WP 2 £ (gt )

Now, we use the local optimality property of Lemma 4.3, i.e., we have for every k € {0,..,ko—1}

Sk

5[ , . C

Sk+1
Consider the circular arc ¢¥, connecting @y, (sr41) and @y, (si). More precisely, write @, (sp11) =
Py +a and @y, (sk) = Po+a with corresponding Py, Ps € RM, Then, let v be the circular arc from
Lemma 4.1 connecting P; and P; in the plane spanned by {0, P;, P»} which we reparameterise

to the interval [sxy1, sk]. Now, set

(,Ifl =7 +a.

We have
5 Sk o Sk ~ oy
/ ok [(&m)|ds < Wo(@m)|(&m)'| ds
Sk+1 Sk+1

_ B 1
< dw, (@m(8k+1), Pm(sk)) + 92m

Sk 1
< Wo(Cr)I(Ch) 1 ds + 2R

Sk+1
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Now, observe that we can get the following estimate by using Lemma 4.1 and the doubling
condition on f:

W)Y ds < e [ F(ICE - al(ch Y ds
5 o
<0f () [ 1chy1as

5 1
<Cf <2m—k> omk

Putting these inequalities together, we derive

Sk
[ i< (5.
Sk+1

/ (@) ds < C. (21)

Sko

Summing over k£ we infer

Step 3: Estimating the path length of <pm|[_178k0]. If kg < m we are done since then

sk, = —1 and we have nothing to estimate. In the other case, we observe that (20) implies
Wo(eml(1,5,,)) = & where
Q= min WO(U)
B (0)\(Bs(a)UBs(b))

and K > 0 is from (20). Note that if the stronger assumption (G4) holds, we can choose

min {a, min Wo (u)}
Br(0)\(Bs(a)UB;(b))

where o and R are given by (G4). Using this, we estimate with (G1):

& [T ignl1as< [ Sl’" Wo(@m)|(Em)'] ds

-1

o

< duy Brl=1), Gu50) + 0m

< ( sup Wo(u)) I — Gm(sm)| + QQLm

uEBl+|p‘ (a)

< CUA+ b —al) + 5 (22

Notice now that the doubling condition of f (from (G2)) implies f(1+ |p|) < C(1 + f(|p|)) so
we can use (21) and (22) to obtain

/ "\(om)'ds < C(L+ F(pDp))-

-1

In an analogous way, one estimates the path lengths in the remaining intervals [t},#3] and [t3, 2]
to derive
3
/
/1 [(m)'[ds < C(L+ F(laDlal + f(Ip])Ip])-
tl
and )
g [(om)'[ds < C(1+ £(lql)lal)-
0

Step 4: Existence of a solution for dy,(p,q). This follows by a standard argument based
on the Ascoli-Arzela Theorem. For instance, see [8, Lemma 3.1| and note that the continuity of
the potential can be weaken to lower semi-continuity. O
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~
~ e

FiGURE 3. The idea for the construction of potentials W in Example 4.10.
Heuristically, we create obstacles in the energy landscape such that geodesics
connecting points in C; to points in C} /5 cannot pass through.

Remark 4.9. Note that we are able to prove the existence of a geodesics for dyy, (p, ¢) even if the
potential Wy is not continuous, but lower semi-continuous and satisfies certain growth conditions.
Our result is in the same spirit as that obtained by Zuniga and Sternberg in [28]|, where they
require the potential Wy to be continuous, but without assuming any growth condition near the
wells. In their case, though, they cannot ensure that geodesics have finite Euclidean length.
Indeed, as Example 4.10 shows, there exist potentials satisfying the assumptions of the main
result by Zuniga and Sternberg whose corresponding geodesics have infinite Euclidean length.

Example 4.10. We sketch a construction of a potential for which geodesics with respect to the

induced distance exist, but necessarily have unbounded Euclidean path length.
Let

3
§<T4<T3<Z<T2<T1<1.

For § < m/16 consider the annular sectors

Al::{xeRzzr2<\x|<r1 —g—(5<arg(w)<—g+5},

and

AQI:{I‘GR22T4<|LL‘|<T‘3,g—5<arg(l‘)<g+5}

where arg : R? — [—7, m) denotes the polar angle. Let
Cr:={z cR?: |z| =7}

be the circle lines with radius r» > 0, and

S1=1{0} x (~1,-3/4)  and  S»= {0} x (1/2,3/4).
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For My =1 and M;/2 > €1 > ey define

/

€1 pe CrUS5y,
Ml D € A17
- €1 p € U3y,
W(p) = Ml peE A27
€2 p € Cyya,
(1—t)eg+tey p= (07 t+21/2> €5

\
and let W be the natural piecewise linear extension to B1/Bjs. If 1 is chosen small enough,
any geodesic ¢ with respect to dy connecting two points p; € C1 and py € Cy/, will not pass
through Aj, Az. Indeed, suppose that ¢(s) € A; U Az and ¢(t) € Cs/4 for some s,t € [-1,1].
Then,
t My
/ Wo(p)|¢'| ds| > C/ rdr > CM?.
S g

But taking an injective competitor ¢ that is contained in Cy U S1 U C3/4 U S2 U C /o we derive

dw (p1,p2) < Ceq

which yields a contradiction for €; chosen small enough since ¢ is a geodesic with respect to
dw (p1,p2). This has the implication that the geodesic does not pass through A; and As, and
we have that the path length of ¢ is bounded from below by 1.

To extent W to By, \ By/(n+1), We repeat this construction with suitable M, > 0 and €, > 0
such that

n—oo

M, —— 0,
and that any geodesic 1 with respect to dy connecting two points in C/, and C /(41 fulfils
1
C
[ o= (23)
1 n

By extending W with M; outside of the closed unit ball, we get a continuous potential defined
on RM . In particular, geodesics between two points exist (cf. [28]). Next, let ¢ be a geodesic
connecting p € Cp with 0. Since p([-1,1]) N C/, # 0, We can take an increasing sequence
Sn € w_l(Cl/n). Now, we can compute a lower bound on the path length by

1 Sn+1 1
/ || dr > E / |’ dr > g — = +o0.
—1 Sn, n

neN neN
We have shown that any geodesic with respect to this constructed potential W always has
unbounded path length.

In our setting, we will encounter potentials that jump. For this reason, we introduce an
adapted version of a geodesic distance function.

Definition 4.11. Let Wy, Wi : RM — [0,00) be non-negative Borel functions. We define the
adapted geodesic distance by

dW(p7 Q) = rgﬂlgll\/l(dwo(p7 T) + dW1 (Ta Q))

An analogous result as in Lemma 4.4 holds also for the adapted distance. More precisely, we
have the following statement.

Lemma 4.12. Suppose that Wo, W1 : RM — [0, 00) are locally bounded Borel functions. Then,
dw s locally Lipschitz, and the local Lipschitz constants of dw are lower than or equal to the
Lipschitz constants of dw, and dw,.

If (G3) holds then we also can prove an analogous result as in Lemma 4.5, whose proof works
in exactly the same way.
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Proposition 4.13. Suppose that Wy, W; : RM — [0,00) are locally bounded Borel functions
that fulfill (G3), and let v > 0. Then, there exists Ko > r only depending on r, |al, |b|, f and
Cq (gven in (G3)) such that

dW(p7 Q) = inf (dWO(p> 8) + dW1(87Q))7
SEBKO(O)

for all p,q € Br(0).
The next corollary is a direct application of Proposition 4.13 and Lemma 4.5.

Corollary 4.14. Suppose that Wy, Wy are locally bounded Borel functions fulfiling (G1), (G3),
and let r > 0. Then, there exists My = Moy(r,a,b, f,Cq) > 0 such that for all M > My we have
that
dW/\M(pa Q) = dW(p7 q)a
for all p,q € Bgr(0), where
dwam(p,q) = inf (dwoane(p:7) + dwyanm(r,q)).

reRN
Proof. We have
dW/\M(pa Q) < dW(p7 q)a

for all p,q € Br(0). Now, let Ky > 0 be the constant given in Proposition 4.13 and K; be the
constant of Lemma 4.5 with respect to the parameters Ky, |al, |b], f and Cq. Set

My = max{||W0HLoo(BK1 (0))s ||W1HL°°(BK1(0))} :

Let M > My. We observe first that Proposition 4.13 coupled with Remark 4.7 applied to
f = f ANM gives ro € Bg,(0) such that

dw (p,q) = dwoam (p,70) + dwyam (70, Q).

By Lemma 4.5 together with Remark 4.7 and applied to f = fAM, for any € € (0,1) we can find
curves g, o1 € WH([—1,1], RM) which are e-minimizers of dy,anz(p,70) (resp. dw;yan (70, q))
such that they are bounded in L* by Kj. In particular, we infer

1 1
dWW@S/J%@ﬂ%WW/LMWM%WS

1

1
—/p%wmwwmw+/y%Amwmm@

= dWo (p) TO) + dW1 (TO’ q)
= dwam(p; 9),
which concludes the proof. O

4.2. An approximation result for sets of finite perimeter. In this section, we present an
approximation result for sets of finite perimeter with piecewise C? sets, both in configuration and
in energy. The peculiarity of such an approximation is that the energy is lower semi-continuous,
and jumps on a piecewise C? surface. Therefore, the smooth approximating sequence needs
to preserve the parts of the original set on such boundaries, as much as possible. A similar
result was obtained in [7, Lemma 5.25| in the case the jumps of the energy where on sets with
polyhedral boundary. Here, we reproduce a similar proof by adding more details.

Proposition 4.15. Let Q;...,Q be a partition of Q, where each 0 is piecewise C?. Let
g:Q — R be a bounded lower semi-continuous function such that its restriction to £\ Ule(?Qi
is continuous. Let B C § be a set with finite perimeter in Q. Then, there exists a sequence of
sets {F, }n with piecewise C? boundary such that

/ g(x) dHN () —/ g(x) dHN Y (z)| = 0.
OB

o0* Fy,

lim |[EAF,| =0, lim

n—o0 n—oo
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Moreover, for each i € {1,...,k}, it holds that OF,, N 08; is relatively open in 0€Y;.

Proof. Fix A > 0. We show that there exists a set F' C Q with piecewise C? boundary such that

/ mmmﬂ*@—/ o(x) dHN 1 (z)
o*FE

o*F

|EAF| < A,

<A

and such that for each i € {1,...,k} it holds that OF N 99; is relatively open in 0€);.

Step 1: Piecewise C'! approximation. Fix x> 0. We claim that there exists a set L C
with boundary contained in a finite union of C'' hypersurfaces, such that

/ mmwﬂ*m—/ o(x) dHN ()
o*FE

o*L

|[EAL| < p, < p.

Indeed, fixed € > 0, let L C 2 be the set given by the strong approximation result sets of finite
perimeter by de Gromard (see Theorem 3.11). Then, it holds that

|[EAL| < e.

Moreover, using the other properties of L that Theorem 3.11 ensured, we get that

[ o) 0@ = [ gte) 0¥ )

s/ g@me%m+/ g(x) AHN " (z)
8*E\O*L 9 L\O*E

<C[HN MO ENO L)+ HYN T (QNO* L\ 9*E) ]
<Oy [IDLE[(Q\C) +HN 1 (0"L\ 0*E) |
< 2016,

where C' C 2 is the set provided by Theorem 3.11 , and we used the fact that the function g is
bounded. Therefore, choosing ¢ > 0 small enough, we obtain the desired claim.

Step 2: Isolation of singularities. Fix p > 0. We claim that there exists a set S C 2 such
that
(i) S is piecewise C?;
(i) OL \ S is a pairwise disjoint union of finitely many C! surfaces compactly contained in
X
(iii) S is orthogonal to JL, in the sense that vos(z) - v (z) = 0 for all z € L N IS;
(iv) HN=YOLNS) < p.
Indeed, let ¥ denote the singular set of 0L union the set 0L N JS). Then, ¥ is compact, being
the intersection of finitely many compact C'-surfaces. Thus, for any given r > 0, it is possible
to cover ¥ with the finite union of balls of radius r. We denote such a finite union by S. Then,
requirements (i) and (ii) above hold directly, while (iv) is in force provided r > 0 is chosen small
enough. Finally, a local modification of 0.S ensures that also the requirement in (iii) is satisfied.

Step 3: Approximation of the contact set. Fix > 0. We claim that there exists a set
C C L\ S with the following properties:

HN*l (

(3) C' N oK is relatively open in each 0€;.

(1) C is piecewise C?;
(2) It holds that

k
oL N U o,

i=1

A [8LﬁC’]) <
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In order to prove our claim, we reason as follows. Fix i € {1,...,k}. We first notice that the
sets

Ct={x€dLno\ S:vi(z) =rsq,(x)}, C; ={x€dLNdQ\S: vi(z)=—vog(x)}
are compact, because 0L and 0€; are, and vy, and vpq, are continuous outside of S. Let
d:= min dist(C;",C;).

i=1,...,
Note that d > 0. Using this fact, together with the outer regularity of the Radon measure
HN=LL 09y, it is possible to find disjoint sets P;, N; C 0€); relatively open in 0€2; such that
HN YOI AR) + HYHCT AN) < (24)
Without loss of generality, using an approximation argument, we can also ensure that 0F; and
ON; are sets with C' boundary with
HN2(8P) < o0, HN2(ON;) < . (25)
We define
k
C = U P, UN;.
i=1
By its very definition and by using (24), we see that the set C satisfies the required properties.

Step 4: The approximating set. Fix u > 0. First of all, we note that a standard result
for the trace of functions of bounded variation (see [17, Theorem 2.11]) yields the existence of
infinitesimal sequences {s’, },, and {t!, },, with the following properties:

ILm HN P ({z - shvp() cx € BYNL) —HYNHP) | <, (26)
h_)m HNL ({z + stvp(z) 2z € N;} N L)- HYYNY) | < e (27)

Using the fact that, for each ¢ = 1,...,k, the sets 0€; \ S is made of finitely many closed
surfaces of class C?, it is possible to find 7 > 0 such that their 7-normal tubular neighborhoods
are pairwise disjoint and compactly contained in 2. Without loss of generality, we can assume
that

shoth < T, (28)
foralli=1,...,k, and all n € N. We fix an index n € N that will be chosen later. Let § > 0
be such that

1 o
d < gmin{d,min{sﬁl,tfl:i: 1,...,k}}.

Let Ls be a smooth approximation of L such that its Hausdorff distance from L is less than .
Without loss of generality, we can also assume that

k
HN! <8L5 nlJ asz,-) =0.

i=1
Define the set

k k
F=LinQ U | JP(sh)u [Nt us,
i=1 i=1
where, for each ¢ € {1,...,k}, we set
Py(st) ={z—svr(z):z € P,s€0,s,]}, Ni(th) ={z +svp(z): 2 € N;,s € [0,,]}

Note that, by construction, the set F is piecewise of class C?. Moreover, it holds that
HN=L((OF N oY) A(P; U N;)) = 0. (29)
foralli=1,... k.
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Step 5: Estimates. First of all, we notice that, by taking 7 and ¢ sufficiently small, we can
ensure that

|[EAF| < p.
In order to prove the energy estimate, we reason as follows. We write

O*F =F,UF,UF,,

as a pairwise disjoint union, where

B, =90"FNS§S,
k . k ]
B, =9"FNE, R=JPls) U U Nit)\ S,

and
B, =0"F\ (L, U Ly).
First of all, using the continuity of the function g in Q \ Ulefli, we get that

/ o) AHN () - / (@) ()
. 8L\ (SUR)

provided ¢ > 0 is chosen small enough. Now, using (iv) of Step 2 together with the boundness
of the function g and (29), we get that

/ o) AHY () — /8 e () <

since it is possible to choose § > 0 small enough so that

HN L@ FNS) < p.

A
<Z,
3’

w| >

Finally, we see that

k

’/Tg(ar) dHNY(z) — /Mng(x) dHN—l(x)’ < Z

i=1

g(a) MV ()

/(Bmaszv)A(aman)

+CZ WHN2(0P) +CZ (L HN 2 (0N))
=1
+ CHN YO*ENR) + CHY (B, N R), (30)
where we used the boundness of the function g. Now, using (24), (26), and (27), we can choose
> 0 small enough so that
k

D

i=1

<

o) AN )] < 2

/(BTQBQi)A(BLﬁ(?QZ')

Moreover, noting that once p > 0 is chosen, then the sets P; and N; are also chose, using (25)
and (28), it is possible to choose 7 > 0 small enough so that

k k
CY (ssHNT2OR)) +C Y (tHN T2 (0N;) <
i=1 i=1
Finally, we note that thanks to (26), and (27), we have that, up to choosing 7 > 0 small enough,
we can ensure that

CHN"YO*ENR) + CHN (B, mR)g%

This proves the desired estimate and concludes the proof. O
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5. COMPACTNESS

This section is devoted to investigate the compactness of sequences with uniformly bounded
energy.

Proof of Theorem 2.16. The main idea of this proof is to apply a transformation to the wells
such that they become fixed, then obtain the result for this case, and then apply the inverse
transformation. Recalling Remark 2.7, we have that b(z) = —a(z), and we choose a(z)t €
RM>*(M=1) gych that

'—Lax axL
Ra(r) = sila(e), a(a)).

is a frame and in BV (;RM*M) Note that this is always well-defined thanks to assumption
(H3).
Next, we recall the definition of the adjustment T (z),

To(x) := |a(z)|R,.

Note that, since a € BV (;RM) N L>°(Q;RM) and x + |a(z)| is bounded away from zero, it
holds that

VT,| < C|Val,  |VT;'|<C|Val. (31)
We start with showing that u, is uniformly bounded in L' and equiintegrable. Indeed, using
(H6), we choose a constant Cy > Cs such that

/ |un | dz < 02/ W(x,up)dx < CyCey,
‘un|>cl Q

which implies equiintegrability. Using again (H6) we also have

/ |un| do :/ [t | dx+/ |t | dx
Q |un|<C1 |un|>C1

< 1|9 + C'g/ W(z,uy) dz
Q
< Ch|9Q] + CaCe,

which implies uniform boundness.
Since a € L=®(Q; RM), we deduce Ty, T; ' € L=°(Q;RM). This, in particular, implies that

=1
Uy =T, up,

is uniformly bounded in L! and equiintegrable, since u,, is uniformly bounded in L' and equi-
integrable. It therefore generates a suitable Young measure v, (cf. Theorem 3.16), and v, — vy
in L'(Q;RM),

We now notice that

CW (@, ) = Cf(|a(@) | min v, — e1l, [vn +ex]}) = FEmin{|on — exl, o+ ea]}) = W(w,).
Since W is continuous, we infer
sptv, C {£e1},
which implies
vy = 0(x)0e; + (1= 0())0—c,

for a measurable function 6 : Q — [0, 1].

Now, we consider the geodesic distance function

dylp.a) =it { [ 1 2min { /W), K 1§15 p € W1 L RY), o(-1) = (1) =g .

-1
for a suitably large constant K > 0. Thanks to Lemma 4.4, this distance is globally Lipschitz
continuous and its Lipschitz constant is bounded by

Vdy| < C(1+2K).
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We define, for L > 0, the component-wise truncation map 77, : RM — RM and set
wp () = Tron(x).
Note that
|Dw,,| < |Dvy|L Qp, (32)

where Q1 € RM is the cube centered at the origin and with side length L, and therefore is a BV
function. Moreover, by choosing L large enough, w,, and v, generate the same Young measure.
Let us define

zn(x) = dW(fel,wn(x)),
as the geodesic distance from a well in the transformed space. Since w, € BV(Q;RM) and
the geodesic distance belongs to Lip(RM x RM;R), by [1, Proposition 3.69(c)| we get that
zn € BV (Q;R). Also, since wy, is given by
Wn = 7-LTa_1un7
it follows that
Jw, € Jp-1 = Ja, |Dw,| < C|D¢al|. (33)

We now want to estimate |Dz,|(€2). Therefore, using the chain rule in BV (see [1, Theorem
3.101]), together with (31) and (33) we get

|Dz,|(Q) < /Q IV dys (—er, wn)||Vw, | dz + CH (T, N Q) + C|Dw,|(Q)
<C (/ 20/ W (w)|[Vw,| dz +HY (T, N Q) + yDcay(Q)) .
Q

Since W(vn) is bounded above by CW(x,u,), and w, is the component-wise truncation of vy,
using (32) we get

/2\/W(wn)|an| dxg/2\/W(x,un)|T(;1||Vun|dx+/ /T (wn) | |V | da
Q Q QL

1
< gfen(un) + Crllalloo| Dal(£2).

In particular, this implies that for sequences {u,, }, uniformly bounded in energy, the total vari-
ation of z, is uniformly bounded. Then, up to a subsequence (without relabelling), we have

Zy = z in BV(;R). By the Rellich-Kondrachov BV compactness Theorem we know that, up
to a subsequence, the convergence is also strongly in L.

Since wy, is equiintegrable and d; (—e1,-) is a Lipschitz function, we infer that z, is also
equiintegrable. Therefore, it generates a Young measure 73, and, by the strong convergence in
L', we derive n, = O2(a)-

Now, notice that we can test with ¢ € Co(2) and ¢ € Co(RY) to derive

/Q/RSO(Z)T/’(Z/) dnx(y)dx—/ﬂwx)w(z(x))dx
=l | )i (an () do

- /Q /%N (,O(I‘)'(/)( dW(_elap)) dl/x(p) dx
— [ ele)0@u(dg (~er,en) + (1~ 6(2)(0)) da.
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From the arbitrariness of ¢ we infer

(s ) = /Q (o)) da = /Q B(@)(dg(—er, e1)) + (1 — (2))(0) da

= (B@)0ay (-erery + (1= 6()00), ).
which holds pointwise for almost every x € ). This in turn implies, by duality, that
5z(an) =Nz = 9(1‘)5dﬁ,(—el,e1) + (1 - 9(1‘)50)’
for almost every = € 2. We infer §(z) € {0,1}. Since z € BV (Q2;R) we derive that 0(x) = xg

for a set of finite perimeter F.
Now, taking an arbitrary ¢ € C'(£2), we can derive

— /Q@(l‘)(XE(x)el 4 (1= yp(@)(—e1)) dr.

Consequently,
w(z) = xe(@)er + (1 — xp(r))(—e1).
Since the same argument also applies for v, we infer v = w. Furthermore, we have for some

€ (1,00) that
1im/\wn|qu:// Ip|? dvy(p) dz = [€].
n—oo Jo QO JRN

Since wy, is uniformly bounded in L°°, it also converges weakly to some w € L9. Thanks to the
reflexivity of L9, since we have convergence of the norms and weak convergence of w, to w, we
know that w, converges strongly to w in L9, and therefore in L'.

Since v, is equiintegrable and w,, is its truncation at a suitable high value, we know that v,
also converges strongly. Now, since T, € L>®(Q; RM*M) we can finally derive that

lim u, = lim Tov, = Tov = xe(r)a(z) + (1 = xe(r))(—a(z)),

n—oQ n—oo

in L', and we conclude. O

6. LIMINF INEQUALITY

The aim of this section is to prove the liminf inequality of our I'-limit result (see Theorem
2.17). We are able to prove it under a weaker assumption on the regularity of the partition of
Q, compared to (H6).

Theorem 6.1. Assume that (H1)-(H5), and that (H7)-(H8) hold. Moreover, assume that there
exists a Caccioppoli partition 1, ...,Q of Q, such that

k
W(z,u) =Y Wiz, u)lg,(2),
i=1

k
a(z) =Y ai()1a,(2), ba) =) bi(2)lg,(z),
) i=1

i=1
where W; € C0(Q2 x RM) and a;,b; € WH2(Q; RM) 0 CO(; RM).
Let u € LY RM) and {u,}n € HY(Q;RM) such that w, — w in L' (Q;RM). Then, we have

Flu) < liniinf Fe, (un),

for every sequence €, — 0.
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Proof. We divide the proof in steps.

Step 0: The setup. Let 6 > 0 be arbitrary. By passing to a subsequence (not relabeled), we
may assume

Jim Fe, (un) = lim inf 72, (un) < o0. (34)

We apply the blow-up method of Fonseca and Miiller [14]|. Define the Radon measures
pin(B) := Fe, (un, B)

for measurable sets B C . By (34), {ftn } is uniformly bounded in M, (£2), the space of Radon
measures in . Thus, there exists p € M;p(€2) such that p, —* pin My(2) (after extracting a
subsequence). Consider now A := H¥~1|; and observe that, for H¥ 1-a.e. 29 € J,,

du dHN !
a(:ro) < 0 and ™

By the Besicovitch differentiation theorem, we also know that for N "'-a.e. o € J, we have
d

B HQE00) (@0 p)
dA =0+ MQ(xo,p)) 0t pNTH

where Q(xq, p) are cubes with side length p > 0 with two faces orthogonal to v(xg). Since the
set of p such that u(0Q(xo, p)) > 0 is at most countable, it follows that

pQ2o,p)) _ 1. Ha(Q(20,p))

pN-1 nooo | pN-1

(wo) = 1.

Y

)

for p € E where H'((0,00) \ E) = 0. Without loss of generality, we can assume x¢ = 0,
v(zg) = en. For p > 0, we set

Q(p) = (=p/2.p/2)", Q" (p) = (0,p/2)",

Q (p) = (=p/2.0)", and Q'(p) := (=p/2,p/2)" .

We also set @ := Q(1) and @' := @Q'(1). Now, by applying Lemma A.2, we choose a sequence
pm — 0 such that

n—oo
Up — U

in LY(0Q(pm); RM) holds, and that for some 4,5 = 1, ..,k (with possibly i = j) we have

U(,Om~, pm/z) WH—OO> u+(x0), (35)
and
w(pme, —pm/2) T u” (o), (36)

in LY(Q'; RM). Without loss of generality, we can assume that

ut(z0) = ai(zo), u” (zo) = a;(zo),

with i # j. The case u™ (x0) = a;(x0) and u™ (x¢) = bj(x¢), for some i, j € {1,...,k}, follows by
using a similar argument Furthermore, by the slicing theory for BV -functions (cf. section 3.11
in [1]) we infer that for ¥ l-a.e. 2’ € Q' we have

Uy = u(pm’,-) € BV ((—=pm/2, pm/2), RM)
with the additional property that

Ju, = Pn(Ju O ({pma'} X (=pm/2, pm/2)))
where Py(x) := xp.

Step 1: Extraction of a nice set
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We will now argue the existence of a large subset of Q'(1) such that u,s is nicely behaved. By
the application of the co-area formula [1, Theorem 2.93| with F = J,, and f(z) = 2/, we derive

! 1 Nt u m m—00
N—l/ HO(Jy,,)da’ = 1\1_1/ v en] da’ < 2 (JNF_WIQ(p ) mos
Pm Q (pm) om Ju oN

Moreover, we notice that if HO(J%,) = 0 holds for some 2’ we have u, = a;(pp2’,-) for some
l=1,..,k by (H4). We obtain

pm < C |u—ai($0)ds—i—/ lu —a;(zo)|ds
(O,Pm) (_pm’o

where C is not dependent on z’. Using the definition of approximate limits, we have for large m

MY (e € Q/(pm) : H(Ju,) = 0)) < C ( /
Q

< Sppy.-

lu — a;(xo)| dz + /

Q™ (pm)

|u — aj(q:o)|dx>

*pom)

In particular, for large m € N there exists a measurable set M,, C Q'(p;,) such that for all

x' € M, we have
HO(T, ) =1

T

and
W (M) > (1 - g) N

Since the trace of the slices coincides with the standard trace for Y 1-a.e. 2/ € Q'(pm), by
(35) and (36) we can further assume that

Uy (pm> — ai(xO) and um’<_pm) — aj (.Z'())
for all 2’ € M, (after possibly removing a null set contained in M,,). Furthermore, we denote
the jump point in J,_, by (', h(2)). We claim that there exists M,, C M, with

3 5pN71
N-1 1Y < m

such that for 2’ € M,, \ M/,

HU{(2,t) :t > h(@)}NY}) =0 (37)
for all [ # ¢ and

HU{(2,t) :t < h()}NY}) =0 (38)

for all [ # j.

Indeed, suppose there exists a subsequence (my) for which you cannot extract such a set
Ny C My, with |[Ny| > 0pm,,. By rescaling, we can infer the existence of sets N, C Q' with
HN"Y(N,) > § such that for all 2’ € N,

H ({0 t>hE)nl ] >0 (39)
I#i

1@ )t <h@)nJu] >0
1#j
Without loss of generality, let us assume the first case (39) holds for all 2’ € N,. This, in turn,
implies that for some constant C' > 0 and large m we have |uy(pm) — ai(zo)| > C for all 2’ € N,
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since u, only has one jump point, a; are continuous and a;(xg) # a;(xg) for I # i. This directly
contradicts the L! convergence in (35) since

Uy (pm) = u(pm/Qx/, Pm/2)

for HN=1a.e. 2’ € Q'(pym) holds. With abuse of notation, we will denote M,, \ M/ by M,,
again and note that

HY (M) > (1= 6) py (40)
holds.

Step 2: The blow-up. After this technical setup, we now perform the blow-up. We remind
ourselves of

Doy = tim tim Al @E@0 L) 1/ L W (@, un) + n|Vun2de. (41)
Q(pm)

d\ M—00 N—00 p% 1 M—00 N—00 P, En

Now, let My = Moy(||a|lec, f, Cc) be the constant given by Corollary 4.14. In the following, the
truncation of a vector p € RM by a scalar L > 0 is to be understood component-wise, i.e., we set
(pAL); := max{min{p;, L}, —L}. Using (H6), we infer the existence of M > My and L > ||a/|
such that the relation

Wp)ANM=W((pANL) AM
holds for all p € RY. Now, we define
fW/::W/\L,fWZ::WiAL and 1, = uy A M.

We first observe the straightforward estimate

mM—>00 N—00 pm

1 1
lim lim —— 1/ — W (2, upn) + en|Vun|? dz
Q(pm) En

m—oo n-—00 p% 1

1
> lim inf lim inf —— / —W(w Tn) + en| Vi, |* da. (42)
Q(pm)

Let T, be defined as in (7) with inverse S, = T, !. Set v, := Sui,. We observe that (HS)
implies
Wi, Toy (2)0n) = Wilo, Tay (20)vn)| < w(pm) Wi, Tay (x)00), (43)
forallz € Qand [ =1,.., k. Now, we set

Ql(pm) = Ql N Q(pm)

From (43), we infer

1 1 —~
lim inf lim inf —— / — W (z,@in(z)) + | Vi, |* d
Q(

= lim inf lim inf ——— — Z/Q 7Wl x, T, (z)vy) +5n\Vﬂn\2dx
1(pm)

m—o0 MN—00 ,Om

> liminf lim inf N1 / *Wl (20, Ty, (xo)vn) + En’V“nP
Ql Pm

m—oo n—00 pm

— w(pm)gival(x,Tal (x)vy)dx.  (44)

n

Now, we notice that we can estimate the last term

1 1 —~ w(pm)tn
—o(pm) / Wi, Ty (2)0) dz < {
p% ! " En JQi(pm) l ot




32 RICCARDO CRISTOFERI, JAKOB DEUTSCH, LUCA PIGNATELLI

Therefore, by (41) the term vanishes. Next, we infer

1 1~
Q(

m—00 M—00 Pm pm) En
1 & 1~
= lim inf lim inf —— Z/Q( )—VVl(xo,Tal(Io)vn)+£n|Vﬂn|2dx
1{Pm

m—o0 nN—00 pm_ = En

1 1~
> lim inf lim inf —— Z /Q( )—Wl(:r:o,Tal(:co)vn)—i—&?n]Vﬁn]zd:c. (45)
1\Pm

m—o0 n—o0 Pm 1) En

Since @, € L>®(;RM) by construction, and S, € L®(Q;RM*M) by (H4), we can apply the
product rule for the approximate gradients of BV -functions. We derive Vuv,, = VS, t,+S, Vi, €
L?(9; RM*N) " Furthermore, using

TaZ| = |al|Z],
for Z € RM*N and Young’s inequality (c,d,d > 0)
ed < 6¢% + %dQ,
we obtain
en|Viin|? = enlal?|Vu, — VSaii,|?
> en(laf*(1 = 6)|Vun|* — G5V Sa|?),

where Cs > 0 asymptotically behaves like %. We apply this with w,, := Ty (z¢)v, to infer, for
1 €{i,j}, that

1 1 —
Nl/ —Wixg, wn) + | Viiy|? dz
pm Ql(pm) En
1 1 —
> (1-9) / — Wi, wn) + enlay(@)]?|Von|* — £nC5| Sal* dz. (46)
Ql(Pm)

pm " En

Here, the last term vanishes as n — oo. We further estimate that

1 1 ~
liminflimian_l/ L W, wn) + enlar(2)]2|Von|? da
Qu(

1 1 — ()] \? 2
= liminfliminfjv_l/ —Wi(zo, wy) +£n< ) |Vw,|* dx
Qi(pm)

Mm—00  n—00 oy En |al(1‘0)|

1 —
> liminf lim inf / ()] 24/ Wi(zo, wp)|Vwy,| dx
Q

m—0o0 M—00 pan_l 1(pm) |al(l‘0)|

1 — &i(pm —
> liminfliminf?\)[l_(f)/ 2\ Wi(xo, wy)|Vwy,| dx
Qi(pm)

m—oo n—0oo pm

1 —
> (1-9) lirginf linr_1>inf ~ T / 24/ Wi(zo, wp) | Vwy,| dz, (47)
m—00 n—oo pm l(an)

where @; is the modulus of continuity of = +— |a;(x)/a;(xo)| at z¢. To summarize (41), (42),
(44), (45), (46) and (47), at this point we have

d 1 —
C;;(xo)Z(l—é)Ql}rg&fl%nigpr_l Z o )2 Wi(z0, wn)|Vwn|dz.  (48)
T lefi gy em

Since

|(Mi X (=pm /2, pm/2)) \ (Qi(pm) U Qj(pm))| = 0
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by (37) and (38), we can derive

1 ~—
> [ W T (@) + el Vi da
1e{i,j} Qi(pm)

h(z") 1/2 —
/ / xg,wn)|an|dt—l—/ Wi(zo, wn)|Vwy,| dt da’
=172

> /M dW] (1"07 wn(xl’ _pm/2)7 wy, (:’U/v h(ﬂl‘/))) + dWZ (x07 w;il,_ (113/, h(I/)), ’an(l‘/, pm/2)) da’
(49)
where w;l", w;, are the one-sided trace values at (2, h(z’)). Now, we observe that

Wi (-, =pm/2) = Ta; (20)Sa; (- =P/ 2)n (s —pm/2) === Tu; (€0)Sa; (-, —pin/2)ul-s —pm /2)

in L'(Q'(pm)) (analogously for wy, (-, pm/2)). Moreover, we have

wy, (&, h(x')) = Ta, (20)Sa; (@', h(z))un (2, h(2))
and

wyy (', h(a")) = To, (20) Sa, (', h(@") Jun (2, ().
Now, we set

o (@) = Ty (20)Say (2 — /2 (', — po 2),
(@) 1= T, (20)Sa, (@', P /2)u(a’, pin /2),
L™ := Tu; (0) S, (@', b)),

and

Lom .= Ty, (20)Sa; (', h(z")).

x!

Since dyy, is Lipschitz on compact sets K C RM (cf. 4.4) we obtain

inf dW ($07p> LJ" ’f’) + d~ (moaLilrnrv Q) < CK(l + |p| + |Q|) (5())
reRM J

for any p,q € K. Since the sequence {w,} is uniformly bounded in L* we can apply (50) in
conjunction with the Dominated Convergence Theorem to infer

lim di (20, wn (2, —pm /2), wy (&', 1(2))) + digs (20, wyy (2", h(2")), wn (2, pm /2)) da’

n—oo
> i 1 —~ .7 _ ,m / ’
> Jim [ it (dig (o, wn(e's —pm/2), L") + d o, L w(e' pn2)
= i = 7 im, () /
_/Mm nf, (dwj(xojzm( ), L") + d; (wo, Ly, r,zm(:c))> da’. (51)

Again, using the uniform boundedness of the integrand in L> with (40), we obtain

/ inf (dgy (w0, 20 (@), L") + i (w0, L7, 25 () ) da’
M J ¢

M
m TER

. zm N—-1
2/’(;) )rgll&fM (dwj(xo,zm( ", L], )+ dy; (:co, o T z+(x/))) da’ — Cép,,~ . (52)

N-1

If we rescale now the integral by 1/p,, =", we derive

1
i i ’Lm +
107Nn ! /62/(pm) Té%aj (dWJ (;UO’ Zm( ) LI, T) + d ($07 Lx/ r,z (.T ))> dZC

:/ inf (de(xo,w;](pmx) Lp ")+ d (xo,Lp’ o wt (pma’ ))) dz. (53)
Q

1 reRM
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Now again, since w? are uniformly bounded in L, also the inf is uniformly attained in a

large ball (cf. Proposition 4.13). Therefore, we notice that the integrand is uniformly bounded
in L>(Q"). By (35) and (36), and the continuity of S,, we also obtain

m—o0 m—o0

wh(pm) " ai(we)  and wp(pr) 2% aj (o)

in L'(Q',RM). In particular, we have pointwise convergence almost everywhere. Now, we also
observe that for every 2/ € Q' we have

Ly, 5 Idy and L2, T Tdy

By applying Lemma A.1, for H¥ l-a.e. 2’ € Q’, it follows that

rie?&fM (d~ (o, w,, (pma’), ij ) 4 di (xo,Lzm 7wt (pma’ )))

— rgll%ff\/f (dWJ‘ (xo’aj(xo) r)+ d (:no,r al@O)))

Applying the dominating convergence theorem, we infer

lim inf (dw_(aro,wfn(pmx ) L]m wT) + di (o, Lzm o w (pma’ ))> da’
J

m—0o0 Q/ TERM

= inf (dwj(l’o,aj(ﬂjo) )+d ($07T az($0)))

reRM
= di7 (w0, u™ (o), u™ (20)). (54)
Gathering (48), (49), (51), (52), (53), (54), we obtain

ﬁ(:ﬂo) > (1-— 5)2dw(sc07u_ (w0),ut (20)) —Co = (1 — 5)2dW(330,u_(a:0), ut (x9)) — C6.

by our choice of truncation constants (cf. Corollary 4.14) and with C' > 0 not depending on 0.
Since § > 0 was arbitrary, we conclude.
O
7. LIMSUP INEQUALITY

This section is devoted to the proof of the limsup inequality. we start by proving the result
in the case with no mass constraint.

Theorem 7.1. Let {ep}n be an infinitesimal sequence. Assume that (H1)-(H8) hold. Let u €
LY(Q;RM). Then, there exists {uy}n C H'(RM) such that

Foo(u) = lim Fg, (uy).
n—oo
and u, — u in L1 (Q; RM).
To prove this, we need the following preliminary result.

Lemma 7.2. Fitr A >0,e>0, 2 € Q, and p,q € RM. Let v € CY([—1,1};RM) with v'(s) # 0
for all s € (—1,1), v(—=1) = p, v(1) = q. Then, there exist 7 > 0 and C > 0 with

Ce<rt< / )| ds,
\/> |
and g € C’l([O,T}; [—1,1]) such that

e _ AW A(e(0)
Or = hme

for allt € (0,7), g(0) =—1, g(1) =1, and

/OT [iW@w(g(t))) +ely (g(t) Pl (¢ >|2] dt < /

20/ W (z,v())|Y (s ds+2\f/ s)|ds.



LOW REGULARITY POTENTIALS 35

A proof of this result can be found in [8, Lemma 6.3| (see also [21, Proposition 2| and |2,
Lemma 3.2]).

Proof of Theorem 7.1. We divide the proof into several steps.

Step 0: Approximation with C? sets. We use Proposition 4.15 to approximate the jump set
of u with C? sets such that they coincide with the C? jump sets of the wells as much as possible.
We define the singular set S of the approximated jump set as the set of points belonging to the
approximation for which either the measure-theoretic exterior normal is not defined, or its norm
is not equal to 1. Since S has finite H¥ ~2-measure, we can define

S =Nge, (S)={z€Q:|v—y| <Ce¢, for y € S},

and it follows that
£N(S,) < De?,
where the constant D > 0 depends only on H™~2(S5).

Therefore, considering only Q2 \ S,,, we are effectively isolating the singularities, and we can
now assume that each interface ¥ is a C? parameterized hypersurface, where the normals are
defined and the distance function from the interface is C' in a tubular neighborhood around
it. In the following steps, we will carry out the construction of the recovery sequence and the
relative computations only for the local case of a single C? interface. The global construction
can be carried out in a similar way as in [8, Lemma 4.6], by using interpolation between the local
constructions built below. We decided not to detailed this standard construction, and focus on
the ideas for building the recovery sequence close to the regular part of the interfaces.

Step 1: Construction of a local recovery sequence. For 0 < a < 8 < 1 define
Ty =&, Ny = b (56)

This choice allows us to have &, < 1, < r,. Thanks to the assumption a,b € L, using
Theorem 4.8 we know that there exists a constant L > 0 such that the geodesics satisfy L(y) < L,
where L(7y) is the length of the geodesic 7. We therefore also define

by, = Ley,. (57)

We are assuming that ¥ is the graph of a C? function, therefore there exist an open set D C
RN=1 and a C? function 1: D — R such that ¢(D) = .

For y € D, we define the normal to the interface at ¥ (y) as v(y). With this, we define the
function W: D x [—£y, ;] — RY as

U(y,t) = Y(y) +tv(y).

For n large enough, the tubular neighborhood theorem guarantees that this map is a C! dif-
feomorphism, and that every point in it has a unique projection on the interface, meaning that

U(y,t) get projected to ¥(y).
Now, take a lattice of points {y;}icr, C D with spacing 2r,, and define the set

Ul ={zeQ:TyeqQ(y,r) It e [—lnln]: V(yt) =z}, (58)

as the local tubular neighborhood around v (y;).
We observe that the, for the index set I, it holds that

1
#1n| < C—=, (59)

Tn

where the constant C' does not depend on n.
Take also {¢}, }n.icr, C C*°(D) a partition of unity such that
0<¢p <1, ¢, =1€QWirn—m), ¢, =0€D\QWira+m)  (60)
. . 4 C

d @iy)=1 in D, |Vgh|< . (61)

i€l 21
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FIGURE 4. Partition of the tubular neighborhood.

Let ; be the geodesic given by Theorem 4.8 relative to (y;), namely a curve in C([—1, 1]; RM)
with i (=1) = u™ (¢(ys)), 7%(1) = w* (1(y:)) and 7j(s) # 0, such that

Liv) <T. /}2¢W«w@nAA$ﬂ%@ﬂds:<m4w@mu+wmmxu-wmm». (62)

Now, we apply Lemma 7.2 with

A=en,  e=en, V=7
to find 7% < £, and g}, € C*(—7%,7%) such that
. 2 LWz, v(gt (¢

e2lyi(gu > 7
and

i

Tn . . . 1 J—
[ om0 + eGPy OF at < [ 2T rtohie)]as + 2Lz,

This result, together with Theorem 4.8, also implies that the reparametrized geodesics are
bounded

17i © gnlloo < € < +o0. (64)
This in turn, together with (H4) and Lemma 7.2, gives us
- ~ C
(g 1(g0)' ()] < - (65)

n

Extend g¢°, to the whole real line by setting gi(s) =1for s > 7i and g (s) = —1 for s < —73.
We define v!, in D X [—4,,, {,,] using the maps T, defined in Remark 2.7, as

n (Y5 t) = Ta(P(y, ) T5 " (¥ ()7 (9 (1))- (66)

The reason for this choice is that this respects the boundary values, since

U (Y, ln) = Ta((y, 02)) Ty (4 (yi))7i (97 (6n))

= Ta(¥(y, )Ty ($(y:))a((y:))
= Ta(¥(y, tn))er
= a(¥(y,{n)), (67)
and analogously
Un (Y, —tn) = —a(¥(y, —Ln)). (68)
Then, for y € D and t € [—{,, {,] we define
vn(y,t) =Y b (W)vh (y, 1). (69)

i€ln
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This sequence still respects the boundary values, since
(Y, bn) =Y @b () (y, bn)
i€ln,

= e )a((y, £n))

i€ln

= a(W(y, £,)) Z e ()

= a(\Ij(yv en))?
where in the last step we used (67). Analogously it holds
Un(,% _en) = _a(\Ij(yv _en))
Also, thanks to a € L™, it is clear that

sup ||vnllec < C < 400. (70)
neN

Since V is a diffeomorphism, we can define the local recovery sequence u,, around X as

a(z) disty () > £y,
Un(z) = ¢ v, (T (2)) |disty ()| < £y, (71)
—a(x) disty (z) < —4y.

Here, disty; denotes the signed distance from Y. Note that this construction implies u, €
LY(Q; RM). Finally, we denote the tubular neighborhood by %, == W(D x [~£,, {,]) (see Figure
4).

Step 2: Localization in strip. Since we define the recovery sequence to be equal to the wells
outside of the £,-tubular neighborhood of the interface, and the wells are in W12, we get that

it is only necessary to study what happens inside of the tubular neighborhood.
Indeed,

1
Fe, (up) :/ [W(x,un)+an\Vun\2] dz
Q

€n

1
:/ [W(:L’,’U,n) —i—sn]Vun]Q} dz +/ en|Val? dz.
n LEN {|dists (z)|>£n}

The last term of the last line can be bounded by

/ £n|Val? dz < 5n‘|va||%2(Q;RM><N)
{|distx (z)[>€n}

which vanishes in the limit since a € W12(Q; RM). We are therefore left with estimating the
integral over the tubular neighborhood. In order to change coordinates with the diffeomorphism
U, we need to see how the gradient changes under this reparameterization.

Thanks to the definition of ¥, we have that

JU = (Jy +tJv|v).

We now want to compute the determinant det(J¥). Since vy, (y,t) = un(¥(y,t)), by the chain
rule we get V(, v, = (JU)T'V 4y, therefore

Vatn = (JU)) IV, non.
To find |V u,|?, we compute the dot product
IVatn|* = (Vignon) T (JU)TTO) IV, yon.
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The matrix (J¥)TJ¥ yields

(Y +tI)T (T +tIv)  (Jy+tJv)Ty
(JO)' T = < v (J 4+ tJv) vy ) '

We denote the top left block by

= (Jyp +tJv)T (Jy + tJv). (72)
Since v is a unit normal vector, we have vTv = |v|? = 1. Differentiating this identity we also
find that (J V)TV = 0. Moreover, since v is orthogonal to the surface tangent vectors Jvy, we

have (Ji)Tv = 0. In particular, these imply that the matrix is equal to

()T o = <§ ?) — ()T o)L (GO_ 2)

Splitting the gradient of v, into a tangential part and a normal part, we get

-1
Vatnl? = (Vo) Oyon) <GO ?) (Vy”n) = Vytn - GV un + |Gl (73)

Oyon,

Therefore, applying the change of coordinates x = ¥(y,t), we get

1
/ [W(x,un)+sn|Vun|2} dz

€n

= Z/ L (2, up) +6n|Vun|2} dz

i€,
b 71
-3 / LW@(y,t), 0) + £alOhva? + 200 - Gy, ) V0, | [det(J V)] dydt.
i€l y’u""n - n
For brevity, we define
1
gn(ya t) = E—W(\If(y, t)» Un) + 8n|8tvn|2 + 5nvyvn : G_l(ya t)vyvn-

Since 9 is a C? map, and v is C', we have that Ji¢ + tJv, and therefore G, is continuous,
therefore its norm is bounded on compact sets. Moreover, thanks to tubular neighborhood
theorem, G is also always strictly positive definite. What these two facts imply is that for
all n € N and for all y € D,t € (—4,,£,), there exist C > 0 and ¢ty € (—¥y,¥,) such that
vVt € (—to,to) it holds

1
a\vyvn|2 < Vyup - Gilvyvn < C\Vyvn|2. (74)

A proof of this can be found in [20,‘ Lemma 2.3]. Thanks to the definition of the recovery
sequence and the partition of unity ¢!, we can split the integral as

/ / g, D)l det () dydt = 3 / / gy, D)|det (JT)| dydt
yurn - y17T7l 7771 -

i€ly

+z/

i€l y7,7r’ﬂ \Ql(yzyrn Tin

i€ln

ln
[ oty tidercwlagar

We denote the first term of the right-hand side by I* and the second term by I3

Step 3: Estimate of 1. We prove that the contribution of I is neglibile in the limit.
Thanks to Assumption (H5), together with (70), we know that Vn € N it holds W (¥ (y, 1), v,) <
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C, which implies

n
> | w00 den 0] dyat
Q" (Yi,rn)\Q (YisTn—1n)

i€l —ln En
1 _ _ Y4
S N1 [UJLV b (=)™ 1] c—=
rn ETL

=LC

N-1
1-(1-”") ]—>0,
T'n

where we used ¢, = Le,, and (59). This term vanishes in the limit since 1, < 7.

For the gradient part of I, observe that for a point y € Q'(yi, ) \ Q' (yi,7n — Mn), there
exists a finite set of indexes J C I, independent of y such that ¢4, (y) = 0 for all j € I, \ J.
In particular, the cardinality of the set J depends only on the dimension and is uniform in n.
Therefore for Io we have

un(y,) =Y oh (W) Ta((y, )T, (1)) vi(gh (1))

ieJ
We first treat the derivative with respect to ¢t. For this we have

2

Own(y, t)* = {0 Y @h(y)vi(y. 1)
i€J(y)

> 0wy, b))

i€J(y)

> CIVTL(T(y, 1) - n(y)yilgh (1) + Ta(¥(y, 1) (g (1) (gh) (1)
i€J(y)

IN

IN

< OV (U, ) + SITa (¥, ),

where we used that |pi| < 1, that |J(y)| is uniform in n, together with (64) and (65). This
implies

Ln,
Z/ / en|Opvn|?|det (J )| dy dt
Q/(yi,rn)\Ql(yinn—ﬁn) —ln

ieJ(y)
N-1
(-
Tn

where this last term vanishes since £,, = Le,,, together with det(J¥) being uniformly bounded,
(8) and since

14
| Tall2, = 0, (75)
n

< Cen [V T2 + C -

and we chose n,,r, such that n, < r,.
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For the term involving the tangential derivative, using (74) we just need to bound |Vyvn]2.
Therefore, using analogous reasoning as the normal derivative, we have
2

\Vyvn(y,t)|2= Vy Z gofl(y)vfl(yt
ieJ(y)

<C Y Vyeh () Ta(T(y, 1)) + @k (y) (T + tTn)Vy Ta(¥(y, 1))
i€J(y)

< CIVTL(T(y. 1) + %Tam(y,tm?,

where we also used |Vi | < Zn%’ together with J1) +tJv being uniformly bounded. This implies

ln
Z / / enVyunG Vv, |det(J)| dy dt
ied(y) Y @ Wirn)\Q (Wi rn—nn) J —tn

< EnHVTa”%?(Q) +

n N-1 lne
1-— <1 — ”> T 12, — 0, (76)
T 2

n n

where we used that det(J¥) is bounded, together with (8). This last term vanishes since

N N=1 ge €2
1—(1—”) -~ < 0=,
TTL nn nn

and we chose ¢, 7, such that €, < 7,. We can therefore conclude.

Step 4: estimate of I{'. We want to prove that I converges to our desired limit, namely

1
Z/ / [W(\I/(y,t),vn)+€n|8tvn|2+6nvyan_1Vyvn |det(J )| dy dt
i€l Q' (Yisrn—"n) Ly

~ /D dw (), u* (), u™ () det(J)| dHN(y)
:/E)dW(x,u+(:L‘),u_(x)) dzHN—l(x)7

where |det(J)]| is the surface area element relative to the parameterization 1, which for a C?

graph is equal to /1 + |V|2.

Thanks to Step 3, we can equivalently consider the following integral
0
It
YiTn) n

as effectively we are adding a vanishing term.
Using the relative continuity condition (H7), we can rewrite the potential term as

/ / Y, 1), vn)|det(JT)| dydt
Q (yz,rn) Z"’L en

i€ln
B 2/ : E ;W(‘I’(yat)aTa(‘I’(y,t))Ta_l(\I/(y,t))vn)|det(J\IJ)| dy dt
1€lp (Yi,rn) J =y ©1
]
<§/ (Wirrn /e QWW%)’Ta(w(yi))Til(‘I’(y,t))vn)!det(J\If)! dy dt
tn
+§/ (irrn) /en En w(|W(y,t) — W(yi, 0) )W (¥(y,t), vn)|det(JV)[ dy dt,
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where w is the modulus of continuity from (H7). We claim that the last term vanishes in the
limit. Indeed, since ¥ is C*, and for (y,t) € Q' (i, 7n) X [~n, ln] We get

|(yat y’u \/ N -1 7‘2‘}'62 D fn =0,

and therefore

w([¥(y,t) = ¥(y;,0)]) < wlwe(|(y,t) = (¥:,0)])) < wlww(fn)) = 0.

This and assumption (H5) imply that

/Q( : W(I‘I’(%) Wy, 0)DW (¥ (y, t), vn)|det(J¥)| dy dt

Z’IL En

1 4y
< CTN_lrQ]*l?w(wq,(fn)) — 0.

We are therefore left with estimating

/ / En yi), Ta (Y ()T, (% (y, t))on)

i€l

+ |0 |? + enVyun G Vv, [ |det(JU) | dydt  (77)
We define
wa(y,t) =T, (U (y, 1))vn(ys ).

2
Let us fix d > 0. For all a,b > 0, since (% — \/Zlb) > 0, we get 2ab < é’(l|2 + d|b|?. Thanks
to this, we get

1
la+b]* < <1+d> la)? + (1 +d) |b]*. (78)
Using this, together with (8), for the normal derivative we get

5n|8tvn|2 = en| VI (¥ (y,t)) - n(y)wn(y,t) + Ta(w(y7t))8twn(yat)’2

<c (1 ; ;) e VT, (U (0, )2 + C (1 + d) enla(W(y, ) 20wn (. 0. (79)

For the tangential derivative, we use again (74), together with (78), to get

snvyan*IVyvn < C€n|Vyvn]2
= Cen|(JW + tIn) VT, (¥ (y, t))wn(y, t) + Ta(P(y, 1)) Vywn (y, t)|?

<c (1 + ;) VT (W (5, 1), (80)

Here, we do not consider the term Vywy(y,t), since it turns out that, given our construction of
the recovery sequence, we get

wa(y, ) = ToH(W(y, 1)on(y, ) = Tu(@(v:))7i(gn(1) = Vywn =0.
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Using (79) and (80) in (77), we get

(80
i 1 2
S Lo e Tewn ) + <o
’LEI yan —tn n
+ envyvnc—lvyvn} |det(JW)|dy dt

e [ [ AW e

i€l

+enra<\v<y,t>>|2\atwn|2]\det(N)\dydt (81)

w(1+3)

The term in (82) vanishes since

1
(1 + ) g / / en| VT (U (y, 1))|?|det(JT)| dy dt < (1 + d) 5n||VTa||%2(Q) — 0.
yl 7"n -

i€ln

> / / en|VTL(T(y, 1)) 2| det(JT)| dy dt. (82)
(Yisrn) J =

i€l

Noticing that Ty, (v(y:))wn(y, t) = 7 (g (1)) =: 2 (t), we can rewrite (81) as follows:

vy [ [ [ (0 T n) + ol )P0, | et (70)]
(1+4d) ;/ i Ll )zg(t))+enW|( ;)'F] det(.JW)] dy dt
oo [ {;me,z;(t»+snr<z;;>’12] et(19) dy 3

+ (1 +d) ; /Q . / ( )))>||22 1> (28 [2|det (J®)]| dy dt. (84)

Since by (H6) we know that a is continuous outside of the jump set, we get that a(¥) is also
continuous. By (H3), we have |a(x)| > 6 > 0, therefore

a(W(y, D) | _ (P (y, D)I* — |a(¥(y:, 0)I
2

o (0 () o (&) P
< (15, 1) — (53, 0))
< ~rapon(@ 1) — (. 0)))
1

< w\aFo‘Q(fn) — 0.

Oq

Substituting in (84) we get

BOGOE ) e
Ve [ [ e (O ) Py

i€ln,

E 1
S(l_‘_d)er 711\7 ! (52w|a|2o\11(fn)_>0

n
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Since |det(JW)| is a continuous function, it admits locally a modulus of continuity, and we can
rewrite (83) as

MK A iV/2
1+d) Z/ y“rn)/_ [%W(iﬁ(yz),zn(t))—i—an\(zn) | } (et (JU)|(y, ¢) dy dt

i€ly
o ZGXI:/Q(%»W/ [51 (), (1)) +5n|(22)’|2] |det(JW)|(y;,0)dydt  (85)

- (|det(JU)[(y, t) — |det(JY)[(y:, 0)) dydt.  (86)

Using the modulus of continuity of |det(J V)|, we estimate (86) as

ME i ivi2|
(1+d) Z/ O ) /—Zn [%W(¢(yz),zn(t))+5n|(zn)|

i€ln
- (|det(JW)|(y, 1) — |det(J¥)|(y:, 0)) dy dt

1 _ 1
< (L+d)——rh 1, L C+ fns C] wydet(Jw)| (fn) = 0.

T'n

We are therefore left with estimating (85), namely

Cn, ) .
[;mwyi),zg(t»+enr<z;>'<t>rz det(J9) (s, 0) dy dt.

1+d2/

ZEI yzvrn)

Let us now zoom in on the term |det(JW¥)|(y;, 0): this would be the determinant of the matrix
(Jy+tJn | n) computed in (y;, 0), or equivalently, the determinant of the matrix (Ju(y;) | n(y;)).
In particular, this represents the N-dimensional volume of the hyper-rectangle spanned by the
columns of the matrix. Here we can see that, since v is a unitary vector by definition perpen-
dicular to the other columns, this volume will also be equal to the N — 1-dimensional volume
spanned by the first N — 1 columns, which is equal to |det(J)|(y;)-

Using now (63), we can write

1+d)Y / / [ yz>7zz<t>>+snr<zz>’<t>r2} det(.J1) (i) dy dt

iely,
1 d) 3 HY @ (0, ) et () (50)
1€l
1 i 1o 20/ AN 2
/! [%mwy»,%(gn(t») +eabllgh )Pl 0
< (1+d) S HYHQ (g ra)) et (J9)| (3 / 2 /W (), 72(5)) 1L(5)] ds (87)
icely, -

+ (1 +d)2LHN (D),
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This last term vanishes, therefore we can conclude by estimating (87) with

1
lim [W(x, Up) + en]Vunlz] dz
)

n—00 En

1
<) Jim 3R Q et [ 2/ WA ds

i€ly -

= (L+d) lim > HNTHQ (ysr ma))|det(J9)|(yi) dw ((yi)s u™ (i) u™ (i)

n—00
i€ln

:u+@ﬁywwwwﬂwwwrwwn®wwmwwﬂ*@x

where the last step follows from the continuity of y — dw (¢ (y),u™ (¥ (y)),u (¥ (y))) and the
continuity of y — |det(J)|(y). The proof is then concluded by letting d — 0.

Step 5: General case. Take u € BV(;{a,b}). By Proposition 4.15 we know that there
exists a sequence of functions {v,}, C BV (Q; {a,b}) with piecewise C? jump set, such that

v, — win LY(Q;RM) as n — oo, le Foo(vn) = Foo(u).

We can therefore apply the previous steps to the function v, to obtain a sequence of functions
{w? }r € WE2(Q; RM) such that

w?, — vy, in LHQ;RM) as m — oo, lign Fe,. (wy,) = Foo(vn).
m—0Q

Using a diagonalization argument, we find a sequence {m,, },, such that the sequence of functions
defined by {u,}n = {wy, }n has the following properties
uy, — u in LM (Q;RM) as n — oo, lim 7, (un) = Fool(u),
n—oo

and we conclude. O

We now show that it is possible to slightly adjust the proof of Theorem 7.1 and obtain the
recovery sequence for the mass constrained case.

Theorem 7.3. Assume that (H1)-(H8) hold, with the function f from (Hb5) satisfying f(t) < [t|*
with a > 1. Let m € RM. Let u € LY(Q;RM). Then, there exists {u,}n C H'(;RM) such that
Up — u in LY RM), and moreover

o0

for every sequence €, — 0.

Proof. The compactness and liminf proof work without any modifications. We only need to
slightly modify the limsup proof, and this revolves around modifying the jump set approximation
and the recovery sequence so that they satisfy the mass constraint.

Step 1: Fixing the approximation. We now have u € BV(Q; {a,b}) with
/ udz =ma+ (1 —m)b.
Q

Then, defining as before A := {u = a}, this implies that |A| = m. Since this is a set of finite
perimeter, thanks to Proposition 4.15 we approximated it with a sequence { A, },, of appropriate
C? sets. The problem here is that we did not require these sets to satisfy the constraint |A,| = m
for every n € N. Therefore, this is the first change that needs to be addressed: we thus follow
an idea originally due to Ryan Murray, appropriately modified for our case (see [24]).

Since A is a set of finite perimeter, we can take its reduced boundary 9*A. Let us now take
zg, 1 €  be points of density 0 and 1 respectively for A, and for k € N define

Dy (AUB(:UO,]D) \B<x1,]i> |
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It is possible to see that
Ip, =14 in Ll(Q;R) as k — oo.
Moreover, we can check that

|D1p,| (Q) =HN "1 (QN0*Dy)

<HNTL(QNorA) + 1V (Qﬁé)B(xl,D) +HN! (QﬁaB<ﬂc2,D>

— HNTL(QNo*A)
= [D14] ().

Therefore we also have
lim Per(Dy; Q) = Per(A4;Q).

k—o00
By definition of density for z, 1 with respect to A, we have
. |AN B(zg,r)| . |AN B(zq,7)|

lim =0, lim

=1.
r—0  |B(xzg,r)]| r—0  |B(x1,7)]|

Therefore, this implies that there exists k large enough such that

1 1 1 1\|_ 3 1
ANB (2o, + )| <= |B (20, ~ ANB (2, )| =2 (B (a1, )|

Let now (D), be the sequence of C? sets obtained by applying Proposition 4.15 to the set
Dy.. Since we have convergence in perimeter and L', this implies that for a fixed k, there exists
n1(k) € N such that for every n > n1(k) we have

1 1
5 /Q 10, () ~ Loy ()] da < 1.

|Per (Dy; Q) — Per (D}; Q)] <

Since these sets D} are obtained by using a standard mollifying procedure and taking a super-
level set, we know that there exists ma2(k) € N such that for every n > max{n(k), n2(k)} we
have both the previous inequalities and also

1 1
A\~ 1 4\ N 1

This holds because
A\ ¥
<5> <1 VN eN.

We have now three cases to distinguish between. If [D}}| = m then we do not have to do
anything. Assume now that |D}}| > m. Define r}! > 0 to be the radius such that
|B (0, )| = |Dg| —m >0,

and define

We now want to prove that
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we have

1
Dy = |A| + | B 20, — \A‘—’B<x1,k>mA’

<|A|+|B

(
a1+ B (o
(

Therefore, for n large enough we also get
1

(o (1) 5)] <[ (= (3)"5)]

therefore we got the estimate on r}’. This in particular implies that the set A} is also C?, and
it follows that

|B (o, 75)| = [Dy| —m < <

N———

| Akl = |Dg| = B (o, )| = |Dg| = [DE[ 4+ m = m.

The case of |D}}| < m follows analogously.

Therefore we just proved that for every k we can modify the sequence of sets obtained from
Proposition 4.15 applied to Dy such that every element of the sequence satisfies the mass con-
straint. Using a diagonal argument, we can therefore obtain the desired conclusion.

Step 2: Fixing the recovery sequence. Let u, be defined as in (71). In general it is not
true that this function satisfies the mass constraint, therefore we need to modify it accordingly.
Let N > 2 and define

mp, ::/Qun(x) dz.

If, for a given n € N, we have m,, = m, then we are done. Let us suppose that m,, #= m. Let us
recall the definition of X,,:

Sp o= {2 e Q:|dist(x, 2)] < 7},

which is the set where wu,(x) ¢ {a, b}.

Let g € Q\ X, such that u,(x) = u(x) = a(z) in a neighborhood of zy. Let now (r,)nen
be an infinitesimal sequence and define B,, := B(xg,7,) to be such neighborhood. Since r, <
dist(zg, Xy ), we can modify u,, as follows

._ Un(l') S Q\Bna
o) = (@) + ea(mn — m) (1 kel © € By,

Tn

where ¢, € R is to be determined by enforcing the mass constraint.
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Therefore we must have

m:/Qvn(:L‘)dx

:/Qun(aj)dzv—/nun(ﬂf)dZU‘F/na(fE)dx“_cn(m”_m)/Bn [“W] d

1
= my + cp(my, — m)Nrif]V/ (1—s)s™V1ds
0

Wy
= My, + Cn(mn — m)rﬁm,
which implies
N+1 1
wy N

Cp =

Therefore with this choice of ¢,,, the function v,, satisfies the mass constraint. Moreover, we also
have

|my, —m| < / lup, — uldz = / |up, —u|dx < |b— a|£N(En) < Can’HNfl(E).
Q Xn

We need to check that v, still converges in L', and that is does not change the energy in the
limit. Checking the L' convergence is easy, since the way we chose the constant ¢,, implies

/ncn(mn—m) (1— ”;f‘”) dz

For the energy convergence, we need to check that

=|m —m,| < Ce, — 0.

lim F"(v,, B,) = 0.

n—o0

Let us check first the potential energy term: we can use Assumption (H5) with f(t) < ¢* and
a > 1 to see that

/ iVV (z,vn(x)) do < / i|Un($) —a(z)|* dz (88)
B B

n En n n
N
< C—|en|*|mn —m[* (89)
En
e (0%
<Cl=) . 90
<o() 0
Therefore, for this term to vanish in the limit, it is enough to have
3 1
Trn = Eps 0< B < N
and we conclude. O

Remark 7.4. The necessary assumption on the wells, namely (H5) with f(¢) < [¢|* fora a > 1,
implies uniform differentiability of p — W (z, p) for p € {a(z),b(z)}.

Remark 7.5. Note that a similar procedure has been carried out in [9] for fixing the approxi-
mation, with the difference that the points xg,x; lay on the reduced boundary. Both methods
work, but for our setting it was easier to have the points lay outside of the reduced boundary.
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APPENDIX A. AUXILIARY RESULTS

Finally, we prove two technical results that we will need in the proof of the liminf inequality
(see Theorem 6.1).

Lemma A.1. Suppose that g : RY x RM — [0, 00) is continuous and there exist p € RN, (p,) C
RN and L, € R™*™ with p, — p in RN and L,, — Id,, in R™*™. Then,

inf , Lpr 2720 inf , 7).
re]RMg(pn n”) re]RMf(p )

Proof. Consider the functionals
Gn(r) = g(pn, Lnr),
G(r) :=g(p,7).
Let r,, — r. By continuity

n—o0

Fn(rn) = f(pna Lnrn) —_— f(p,?") = F(T)7
which, in particular, implies that the ['-limit of G, is G. By the fundamental property of
I’-convergence, the infimum of GG, converges to the infimum of G. This concludes the proof. [

Lemma A.2. Let u € BV(Q;RM), 0 € J, with vy = ey, and F C (0,1) be a set with |F| = 1.
Then, there exists a sequence {pm} C F with pp, — 07 such that

HN_I(Ju NO(=pm/2,pm/2)) = 0,
and for the rescaled trace ulaq, (z,) Testricted to (—pm/2, pm/2) X {£pm} we have

w(pmes £pm/2) = u*(wo)
in LY((—=1/2,1/2)N~1).
=

Proof. Since u™(x() are one side approximate limits we have

lim lu(pz) — ut (20)| dx =0
p—0% J(0,1)N
and

lim lu(pzr) — u™ (x0)| dx = 0.
p—=0t J(—1,0)N

In particular, we have by Fubini’s Theorem

1
lim/ / lu(pz’, pt) — u™ (x0)| dz’ dt = 0,
0 J(,)N

p—0
where u(px’, pt) agrees with the two-sided trace at 9(0,1)" of u that exists since
HN (TN B(=p/2,p/2)) = 0 (91)
for all but countably many p > 0. In particular, for a set E, C (0, 1) of full measure we obtain
tek,
lim |u(pa’, pt) — u™ (wo)| dy' = 0,
p—0 (071)N—1
and, therefore, it follows that

1
l' / . + /:1. / _ + /: .
Pl [ulpta’, pt) — u™ (wo)| dy’ = limy - /(OJ)N_I [upa’, pt) — u™ (zo)| dy’ =0

Now, choose a sequence {p,,} C (0,1) with p,, — 0 for which (91) holds. Then, with an

tm € E,, such that t,p, € F holds, the sequence p,, := t;,pn, satisfies the sought-after
requirements. O
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